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Abstract. Within the quantum function algebra F q [GL n ], we study the subset ^[GLn] — 
introduced in [Gal] — of all elements of F q [GL n ] which are 7L\q, -valued when paired with 
U q (Ql n ) , the unrestricted 7L\q, g _1 ]-integral form of U q (Ql n ) introduced by De Concini, Kac and 
Procesi. In particular we obtain a presentation of it by generators and relations, and a PBW-like 
theorem. Moreover, we give a direct proof that ^F q [GL n ] is a Hopf subalgebra of F q [GL n ], and 

that J-g[GL n ] = Ui{q{^) . We describe explicitly its specializations at roots of 1, say e, and 

\q=l 

the associated quantum Frobenius (epi)morphism from ^[GLn] to ^[GLn] — Uz(Ql n *) , also 
introduced in [Gal]. The same analysis is done for ^[SLn] and (as key step) for T q \M n \ . 



Introduction 

Let G be a semisimple, connected, simply connected affine algebraic group over Q , and g 
its tangent Lie algebra. Let U q (g) be the Drinfeld-Jimbo quantum group over q denned (after 
Jimbo) as a Hopf algebra over the field Q(q) , where q is an indeterminate. After Lusztig, 
one has an integral form over Z[g, q~ x ] , say il 9 (g) , which for q — > 1 specializes to Uz(g) , the 
integral Z-form of U(g) defined by Kostant (see [CP], §9.3, and references therein, and [DL], 
§§2-3). As Uz(g) is usually called "hyperalgebra" , we call it g (fl) "quantum" (or quantized) 
hyperalgebra" . In particular, as Uz(q) is generated by divided powers (in the simple root 
vectors) and binomial coefficients (in the simple coroots) so itg(fl) is generated by quantum 
analogues of divided powers and of binomial coefficients. Moreover, if e is a root of 1 with 
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odd order i , if Z e is the formal extension of Z by e (see §1.4) and it e (g) is the corresponding 

specialization of ilq(fl) , there is a Hopf algebra epimorphism #t : il e (g) » Z e ®z Uz(g) , 

described as an "£-th root operation" on generators. This is a quantum analogue of the Fro- 
benius morphism in positive characteristic, so is called quantum Frobenius morphism for q . 

In a Hopf-dual setting, one constructs ([DL], §§4-6) a Hopf algebra i^[G] of matrix co- 
efficients of U q (g) , and a Z[g, g _1 ]-form 3q[G] of it which specializes to -Fk[G] (the algebra 
of regular functions over G% , the algebraic scheme of Z-points of G ) as a Hopf algebra, for 
g — > 1 . In particular, ^ [G] is nothing but the set of "functions" in F q [G] which take values 
in Z[g, g _1 ] when "evaluated" on H q (g) : in a word, the Z[g, g _1 ] -valued functions on Hg(fl) . 
When specializing at roots of 1 (with notation as above) there is a Hopf algebra monomor- 

phism $Xq : Fj\G] c > $ e [G] dual to the above epimorphism and described, roughly, as 

an "£-th power operation" on generators. This also is a quantum analogue of the classical 
Frobenius morphism, which is therefore called the quantum Frobenius morphism for G . 

The quantization il q (g) of f7z(fl) endows the latter with a co-Poisson (Hopf) algebra struc- 
ture which makes q into a Lie bialgebra; similarly, 3q[G] endows Fj\G] with a Poisson (Hopf) 
algebra structure which makes G into a Poisson group. The Lie bialgebra structure on q is 
exactly the one induced by the Poisson structure on G . Then one can consider the dual Lie 
bialgebra and dual Poisson groups G* having q* as tangent Lie bialgebra. 

Lusztig's Z[g, g _1 ] -integral forms il 9 ($j) and 3q[G] are said to be restricted. On the other 
hand, another Z[g, g _1 ] -integral form of L^(g) , sayW 9 (0), has been introduced by De Concini 
and Procesi (cf. [CP], §9.2, and [DP], §12.1 — the original construction is over C[g, g _1 ] , but 
it works the same over Z[g, g -1 ] too), called unrestricted. It is generated by suitably rescaled 
quantum root vectors and by toral quantum analogues of simple root vectors, and for q — > 1 
specializes to F%[G*] (notation as before). Moreover, at roots of 1 there is a Hopf algebra 
monomorphism Tr^ : Fj\G*} = U\(q) 1 — > £4(g) , defined on generators as an "£-th power 
operation" . This is a quantum analogue of the classical Frobenius morphisms (for G*), strictly 
parallel to Tr^ above, so is called the quantum Frobenius morphism for G* . In the Hopf-dual 
setting, one can consider — [Gal], §§4, 7 — as "dual" of U q (o) the subset ^[G] of "functions" 
in .F g [G] which take values in Z[g, g _1 ] when "evaluated" on U q (g) ; this subset is a Hopf 
subalgebra, which for q — > 1 specializes to Uz(g*) . When specializing at roots of 1 there is a 

Hopf epimorphism J-Tq* : J- £ [G] » Z £ <S>zUz(q*) , dual to the previous monomorphism; 

this again is a quantum analogue of the classical Frobenius morphism (for g* ), hence it is 
called the quantum Frobenius morphism for $j* . 

In this paper we provide an explicit description of ^[G] , its specializations at roots of 1 
and its quantum Frobenius morphisms Tr G £ for G = SL n . The whole construction makes 
sense for G = GL n and G = M n (the Poisson algebraic monoid of square matrices of size n ) 
too, and we find similar results for them. In fact, we first approach the case of jFjM n ] , for 
which the strongest results are found; then from these we get those for jF 9 [GL n ] and ^ r (? [5'L n ] . 

Our starting point is the well-known description of 3g[M n ] by generators and relations, as a 
Z[g, g _1 ] -algebra generated by the entries of a quantum (n x n)-matrix (see [APW], Appen- 
dix). In particular, this is an algebra of skew-commutative polynomials, much like U q {o) is just 
an algebra of skew-commutative polynomials (which are Laurent in some variables). Dually, 
this leads us to expect that, like il 9 (gl n ) , also jF 9 [M n ] be generated by quantum divided pow- 
ers and quantum binomial coefficients: also, we expect that a suitable PBW-like theorem holds 
for jF 9 [M n ] , like for U q (Ql n ) . Similarly, as d^M n '■ Fz[M n ] c — > $ s [M n ] is defined on genera- 
tors as an "£-th power operation" , dually we expect that Tr %f : T e [M n ] » Z e £g> z U% (fll * ) 
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be given by an "£-th root operation", much like $t { : il e (gL) » Z £ ®^ %(flL) • 

In fact, all these conjectural expectations turn out to be true. From this we get similar (yet 
slightly weaker) results for JFJGLJ and jF (J [5'L n ] . On the way, we also improve the (already 
known) above mentioned results about specializations and quantum Frobenius epimorphisms. 

The intermediate step is the quantum group U q (g*) , analogue for g* of what U q (g) is 
for g (see [Gal], §6). In particular, there are integral 7i[q, g -1 ] -forms ii q (g*) and U q (g*) of 
U q (g*) for which PBW theorems and presentations hold. Moreover, a Hopf algebra embedding 
jF 9 [M n ] c — ► il q (gl*) exists, via which we "pull back" a PBW-like basis and a presentation 
from ilg(g[ n *) to T q \M^\ . These arguments work, mutatis mutandis, for GL n and SL n as 
well. As aside results, we provide (in §3) explicit descriptions of these embeddings, and related 
results which turn useful in studying specializations at roots of 1. 

The present work bases upon the analysis of the case n = 2 , which is treated in [GR] . 

Warning : at the end of the paper, we report a short list of the main symbols we use. 
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§ 1 Geometrical background and q— numbers 

1.1 Poisson structures on linear groups. Let g := gt n (Q) , with its natural struc- 
ture of Lie algebra; it has basis given by the elementary matrices m^j := (Sg^Sj^g '"'' n 
( V i,j = l,...,n). Define e; := m iji+1 , gj := m J;j , fi := m i+lji , and also hi := gi - g i+1 
(i = 1, . j = l,...,n): then {ei,g k ,fi\i = l,...,n-l, k = l,...,n} 

is a set of Lie algebra generators of g . Moreover, a Lie cobracket is defined on g by 
S(ei) = hi ® ei — ei ® hi , S(gk) = 0, S(fi) = hi <S> fi — fi <E> hi (for all i and k), which 
makes g itself into a Lie bialgebra ([CP], §1.3.8). Then U(q) is naturally a co-Poisson Hopf 
algebra, whose co-Poisson bracket is the extension of the Lie cobracket of g (the Hopf struc- 
ture being standard). Finally, Kostant's Z-integral form of U(q) — also called hyperalgebra 

- is the unital Z-subalgebra U%(q) of U(g) generated by the divided powers , 
and the binomial coefficients (^j (for all i, k, and all m E N), where hereafter we use 

notation := x m /ml and (j^j := f ( f ~ 1 )"^~ m + 1 ) _ This again is a co-Poisson Hopf alge- 
bra (over Z); it is free as a Z-module, with PBW-like Z-basis the set of ordered monomials 

{il<, <\"r n nLi (;:) a>, | w e N } ( w - r - t - ^ total ° rder ° f the p &irs 

with % 7^ j), where e^j := m i} j and fj^ := m^j for all % < j ; see e.g. [Hu], Ch. VII. 
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As flt n (Q) is a Lie bialgebra, by general theory G := GL n (Q) is then a Poisson group, 
its Poisson structure being the unique one which induces on g := gl n (Q) the Lie bialgebra 
structure mentioned above. Explicitly, the algebra F[G] of regular functions on G is the 
unital associative commutative Q-algebra with generators Uj = l,...,n) and -D -1 , 

where D := det (ti ! j) i ^ n is the determinant. The group structure on G yields on F[G] 

the natural Hopf structure given by matrix product; in particular D _1 is group-like. The 
Poisson structure — usually referred to as "standard" — is given by (see, e.g., [BGY], §§1.4-5) 

{ii,j,ii,k} = U,jU,k V j <k, = V z < £ 

{ii,j,ie,k} = Vi<£,k<j, {U,jJe,k} = ^U jk iej V i < £J < k 

{-D -1 , U,j} =-{D,U,j} Vz,j = l,...,n. 

We shall also consider the Poisson group-scheme G% associated to GL n , for which a like 
analysis applies: in particular, its function algebra F[G%] is a Poisson Hopf Z-algebra with 
the same presentation as F[G] but over the ring Z . 

Similar constructions hold with sl n replacing gl n and with SL n instead of GL n : one 
simply replaces the g^s with the h^s ( i = 1, . . . , n — 1 ). In particular, sl n (Z) is a Lie Z-sub- 
bialgebra of 0l n (Z) , and Uz(sl n ) is a co-Poisson Hopf subalgebra (over Z) of Uz(gl n ) , with 
a PBW-like Z-basis as above but with the h^s instead of the <7fc's; moreover, F^(SL n )z\ is 
the quotient Poisson- Hopf algebra of F[(GL n )z] modulo the principal ideal [D — l) . 

Finally, the subalgebra of F[(GL n )z] generated by the Uj's alone clearly is a Poisson 
subbialgebra of F[(GL n )z] : indeed, it is the algebra F[(M n )%\ of regular functions of the 
Z-scheme associated to the Poisson algebraic monoid M n of all (n x n)-matrices. 

1.2 Dual Lie bialgebras and dual Poisson groups. Let g := 0l n (Q) be a Lie bialgebra 
structure as in §1.1; then its dual g* is a Lie algebra too. Let {e*j ,g£ , f *^ | Vfc, Vz < j } 
be the dual basis to the basis of elementary matrices for g. Set e^j := e*j/2, gk := g£ , 
fj,i : = fj*i/2 (f° r all k and all i < j), and := e^+i , f i := U,i+i for all 1 < % < n . Then 
g* is the Lie algebra with generators e i , . . . , e n _i , gi , . . . , g n , f i , . . . , f n -i and relations 

[g* > fj] = - <**-i,j) fj > [ffc » e 4 = , [gi , ej] = (Sij - Si- ltj ) ej V k,£,i,j 
[g fc ,g*]=0, [fi,fj]=0, [e i ,e J ]=0 Vk,£, Vi,j:\i-j\>l 
[U, [U, fj]] = , [ei, [e< , ej]] = V i, j : |z - j\ = 1 

(just compute! See also [Ga2], §1). The Lie cobracket is given (for x Ay := x®y — y®x) by 
8{ii) = f i A (& - g i+ i) + 2 • (X;*! 1 ! fi+i,j A e j:i + T,]=!+2 e i+hj A f i,0 > 1 < i < n-1 
*(gfc) = 4 ' Efci f M Ae^ + 4 • ^S +1 e M A f tjk , 1 < /c < n 

*(e») = (g* - gi+i) A e^ + 2 • (X)J=1 fi,* A e t,i+i + E£+2 e M A f ^+i) » l<i<n-l. 

All these formulae also provide a presentation of U(g*) as a co-Poisson Hopf algebra. Fi- 
nally, we define the Kostant's Z-integral form, or hyperalgebra, Uz(g*) of U(g*) as the unital 

Z-subalgebra generated by the divided powers f/ m ' > , e| m ' ) and binomial coefficients (^j (for 
all m G N and all z, fc). This again is a co-Poisson Hopf Z-algebra, with PBW-like Z- 
basis the set j ri l < J e^'' EILi n»>j ^j*'' VijiKk, <Pi,j G n} of ordered monomials 
(w.r.t. any total order as before). Alternatively, one can take the elements 1& := gi+ ■ — hgfc 
( k = 1, . . . , n ) instead of the gfc's in the definition of Uz(g*); the presentation changes accord- 

ingly, and { U l<3 <tj j) HLi(a J fli^- ^ \vi,J, A*, Wj G n} is another PBW-like basis. 
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A like description holds for sl n (Q)* . In fact, sl n (Q)* = Ql n (Q)*/ Q ■ l n , dually to the 

embedding sl n (Q) c — ► 0t n (Q) ; thus one simply has to add to the presentation of flI n (Q)* 
the additional relation gi + ••• + g n = 0, or l n = 0. Then Uz(sl*) is the Z-subalgebra 
of U(sl n (Q)*) generated by divided powers and binomial coefficients as above, but taking 
care of the additional relation); also, Uz(sl*) is a quotient co-Poisson Hopf Z-algebra of 



Vi,j,^k,<-Pi,j e N \ as 



U z {gi:). Again, admits the set { U t<J eg j) YlVi (ft) Ui>j ^ 
Z-basis. Finally, note that | e^j := e*j/2 , 1& , f^, := /j*j/2 1 < A; < n — 1, l<i<j<n| 

is the basis of si* dual to the basis { e^j , hk , | 1 < A; < n — 1, 1 < i < j < n} of st n . 

If = Ql n , a simply connected algebraic Poisson group with tangent Lie bialgebra g* 
is the subgroup S G* of G x G made of all pairs (L,U) G G x G such that L is lower 
triangular, U is upper triangular, and their diagonals are inverse to each other (i.e. their 
product is the identity matrix). This is a Poisson subgroup for the natural Poisson structure 
of G x G . Its centre is Z := { {zl, z~ x I) | z G Q \ {0}} , hence the associated adjoint group 

is a G* := S G* I Z . The same construction defines Poisson group-schemes S GJ and a GJ . 

If q = sl n the construction of dual Poisson group-schemes S GJ and a G% is entirely similar, 
just taking SL n instead of GL n in the previous recipe. 

1.3 q— numbers, q— divided powers and q— binomial coefficients. Let q be an inde- 
terminate. For all n, s, k lt . . . , k r G N , let (n) q : = ^ , (n) q \ := Ur=i ( r ) q . (") 



(«),! f n \ ._ (n) q 



I 



(■)«■("-)«■ » V*i.-.*r>/ g - (*i).'-(*r).' ( GZ ^)' then K := V^' K ,: =nr=lW,» 

/I -R^in and also (7) := (-1)V™-(Z) (G %]) • 

JgLJqLJq \ / g ^ ' <2 

If A is any Q(q)-algebra we define g-divided powers and (/-binomial coefficients as fol- 
lows: for every X G A, each n G N and each c G Z we set X^ := X n j \n] q \ 

and ( X ^ c ) := II"=i ^^i*' 1 ■ Furthermore, if Z G A is invertible we define also 

,^ c+1 — s^ + l „s — 1 — c^— 1 

:= lls=i g+3 _q_ a for every n G N and c G Z. We shall also consider 



x ; c 



the elements j*^ j := YH=o 1^ 2 ^ (l) ' (^n-r 5 ) for ever Y G ^4 , n, r G N , cGZ. 
For later use, we remark that the g-divided powers in X G A satisfy the (obvious) relations 

X (r+s) ^ x (0) = 1 



r + s 
s 



i 

Similarly, the (/-binomial coefficients in X G A satisfy the relations 

X ; c\ [X ■ c - 1\ ft + s\ [X-c\ fX;c+l\ t fX;c\ fX;c 

t A s ) = { t ) q {t +s )' { t j-Ht ) = {t-i 

X- c\ (X- s\ (X- s\ (X- c\ fX ; c\ ^ _ (c _ p)(t _ p ) ( c\ (X ; 



m J \ n J \ n J \ m J \ t J p>0 \P/ q \* ~ V 

R 6 )-!. ('r)-s(-i>'.-««-^(' + r i ) t (' i ; 



(1.2) 



gC-t+l M + (qr - 1) 
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1.4 Roots of 1 and specializations. Let i G N + be odd, set Z e := Z[q] / ((pi(q)) 
where <^(<z) is the £-th cyclotomic polynomial in q , and let e := q, a (formal) primitive £-th 
root of 1 in Z g . Similarly, let Q e := Q[q] j (^(g)) , the field of quotients of Z e . If M is a 

module over Z[q, g -1 ] or Q[g, g -1 ] we set M £ := M j (<^((/)) M , which is a module over Z e 
or over Q e , called the specialization of M at q = e . In fact, we have M e = Z e <8>%[ qiq -i] M 
or M e = Z e <S>z[ 9j9 -i] M as modules over Z e or Q e (in either case). 

For later use, we recall now some results about g-numbers and their specializations: 

Lemma 1.5. Let A be any Q[p,p _1 ] -algebra, p being any indeterminate. 

(a) If xi, . . . , x s G A are such that Xi Xj = pxj X{ for all i < j , then for all m GN 

felH \-k s =m x ' P 

(b) If yi, . . . ,y 8 G A are such that yi yj — p 2 yj yi for all i < j , then for all m G N 

(EL.») <m, = E „(V)HVW).,«. ..,<'•) 

feiH hA: s =m 

Proof, (a) is the well-known, generalized (/-Leibniz' identity, and (7>J follows trivially. □ 

Lemma 1.6. Let A be any Q(q)-algebra, and let x,y, z,w G A be such that xw = q 2 wx , 
x y = qy x , x z = qzx and y z = zy . Then for all m GN and t G Z we have 

,2 , \ m 



(a-1) [ X+{q ~ q m 1] W]t j =E? r( '" m) (9-?- 1 ) r -«' (r) {^ ; t} 

m 

M = £ ? K*-m) ( g _ ? -l)r J X ; t - 2 r ^ f|j(p) 



r=0 



a; ; t — 2 r 
m , r 



w (*+(*-<£)' v*; A =f )( 9 _,-y[r],i-» < "{^'; r } 

// instead wx = q 2 xw , y x = qxy , zx = qx z and zy = y z , then fVmeN, tGZj 

(c-v ( x+(9 -f )2w;t )=|:^-"»(,- g -T ■{*■',} 



(r) 



r=0 
m 



x ; t — 2r 
m , r 



2 , \ m 

(0 



w r +i "~C ] =E9 r(< - m) (?-9- 1 ) r ['-y- w { x L t ,7} 



Proof. Claims (a- 1/2) and f&j are proved in Lemma 6.2 of [GR]. Instead, claims (c-1/2) 
and (d) follow directly from claims (a- 1/2) and (b) when one applies them to the algebra A 
endowed with the opposite product. □ 
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Lemma 1.7. ([GR], Lemma 6.3) Let Q be any Z[g,(/ _1 ] -algebra, let e be a (formal) prim- 
itive £-th root of 1, with i e N + , and Q e := Q / (q — e) fi be the specialization of fi at 
q = e (a Z £ -algebra). Then for each x,y G fi we have 




§ 2 Quantum groups 



2.1 The quantum groups £/" g (gLj and U q (sl n ) . Let C/g(fl[ n ) be the Drinfeld-Jimbo 
quantization of U(gl n ) : following [Ji], §2 (with normalizations of [No], §1.2), we define it as 



the unital Q(o)-algebra with generators Fi , G- , Fj (1 < i < n—1 ; 1 < j < j ) and relations 

i^i — 1 — Cr i Crj, Cr^ Lr^ — (j- U i 

G, F, G\ 1 = - : ,); ; /•;, . G.EjG' 1 = q' h 1 " " : F, 

— 1 /^Y — 1 



Fj — Fj Ei 



q-q 1 

F F = F- F 

i> 3 31 



Ei Ej = Ej Ei , 
EjE 3 - (q + q- 1 ) E z EjE t + Ej E? = 
FfFj - (q + q- 1 ) F Fj F + Fj F? = 

Moreover, U q (gl n ) has a Hopf algebra structure, given by 



A (Fi) = Fi <g> G" 1 G i+1 + l®F t , S(Fi) = -F t G t G~^ , e(Fj) = 







Vi, j 












Vi, j 


V 


h j ■ 




V 


hj •■ 




V 







A (Gf 1 ) = Gf ® Gf , 



5 (Gf) = Gf , 



V i 

V j 

V i. 



A (Ei) = Ei<S>l + GiGr+x ® #i , 5 (FO = -G" 1 G l+1 F, , e (Fj) = 



Consider also the elements K^ 1 := Gf G?^ (for all i = 1, . . . , n — 1 ). The unital 
subalgebra of U q (gi n ) generated by {Fj , iff, Fj} . is the well known Drinfeld- 

Jimbo's quantum algebra U q (sl n ) . From the presentation of U q (gl n ) one deduces one of 
U q (sln) too, and also sees that the latter is even a Hopf subalgebra of the former. 

2.2 Quantum root vectors and quantum PBW theorem. Now we introduce quan- 
tum analogues of root vectors for both U q (gl n ) and U q (sl n ), following an idea due to Jimbo 
(as in [Ji], §2, up to changing q ±l < — >■ g Tl ). Set 



E 



Ei 



'■— [ Ei,k 7 Ek,j ] a -i = Ei,k E k j - q 1 E k j E i}k V % < k < j 



F+i,i '■— Fi , Fj t i :— [ Fj^ k , F k j ] +1 _ Fj tk F kt i q +1 F kj i Fj t 



V j > k > i . 



Then all these are quantum root vectors, in U q (gl n ) or U q (sl n ), and the very definition 
gives a complete set of commutation relations among them. For later use, we point out that 
they can be obtained also via a general method given by Lusztig. 
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Namely, let {«i, . . . , a n -i} be a basis of simple roots of si n (or of 0t n ), and let si, . . . , s n -i 
be generators of its Weyl group W . Let wq = s^s^s^ ■ ■ ■ Si N _ 1 Si N be a reduced expression 
for the longest element wo of W , where iV := (™) . Then { a fc := s^s^ • • • Si k _ 1 (a ik ) | = 
l,...,iV} is the set of all positive roots of sl n . Now, Lusztig defines an action of the 
braid group associated to W, with generators Ti, . . . , T n _i : we consider it normalized as 
in [Lu], §3. Lusztig's result (see [CP], §8.1, and references therein) is that the elements 
E a k := T ix T i2 ■ ■ ■T ik _ 1 (E ik ) and F a k := T ix T i2 ■ ■ ■T ik _ 1 (F ik ) (k = 1,...,N) are quantum 
analogues of root vectors, respectively of weight +a k and — a k . Now consider the sequence 
(ii, . . . ,i N ) := (1, 2, . . . ,n - l,n, 1,2, . . ., n — 2,n — 1, 1,2, . . . ,3,4, 1, 2, 3, 1,2, 1) . Then w = 
Si 1 Si 2 s h ' ' ' s i N ~i s iN i s a reduced expression for wq, and the previous recipe applies. It is easy 
to check ([Ga2], §5.3) that, with this choice of the sequence . . . , in), one has E a k = E^j , 
F a k = Fj^ for a k = Y^t=i a t > f° r all k (a key fact is that E a k = Eh and F a k = Fh if 
a k = ah )• So our choice of quantum root vectors is a special case of Lusztig's. 

The quantum version of the PBW theorem claims that the set of ordered monomials B 9 := 
{lli^ I--"- nLi \ Vij, Ik, <Pj,i e N } (w.r.t. any total order of the pairs 

with i ± j ) is a Q(g)-basis of U q (gl n ) , and the set B s := {U lKj E?/ UVi YU<i >'Tt 
rjij, Kk, <fij,i G N | is a Q(g)-basis of U q ($l n ) : see [CP], §8.1, and references therein. 

2.3 Integral forms of U q (gl n ) and U q (sl n ) . After Lusztig's idea for semisimple Lie 
algebras, adapted to the case of g\ n , one can define (see [CP], §9.3, and references therein) 
a suitable restricted integral form of U q (gl n ) over Z[g, q~ x ] , say il q (gl n ) : following [DL], §3, 

it is the unital Z[q, g-^-subaJgebra of U q (gl n ) generated by F[ m \ . . . , F^\, Gf 1 , ( G ^ ;c ), 

G±\ ( G ^ ;c ), E[ m \ E%2\, for all m G N and cG Z. This %{g\ n ) is aZf^f 1 ]- 
integral form of U q (gl n ) as a Hopf algebra, and specializes to Uz(gl n ) for q \— > 1 , that is 
itq(gl n ) j {q — l)ii q (gl n ) = L/z(flt n ) as co-Poisson Hopf algebras; therefore we call ii q (gl n ) 

a quantum (or quantized) hyperalgebra. Moreover, a suitable PBW-like theorem holds for 
H q (gl n ) . Finally, for every root of 1, say s, of odd order t , a well defined quantum Frobenius 
morphism #t,f r e : il e (jjL) » Z e ®i Uz(gi ) exists (a Hopf algebra epimorphism) : here 

it e (g[ ) := (ilg(gL)) — as in §1.4 — and ^t^{ is defined on generators by dividing out the 
order of each quantum divided power and each quantum binomial coefficient by £ , if this makes 
sense, and mapping to zero otherwise. The obvious parallel construction — just replacing 
the G^ lj s by the K^ lj s everywhere — provides ii q (sl n ) , the restricted Z[<j, g _1 ] -integral 
form of U q ($l n ) : it specializes to Uz(sl n ) for q \— > 1 , and quantum Frobenius morphisms 
3x^1 : tt e (sln) » Z e ® z Uz{s\n) exist for every e as above. See [DL], §§3, 6, or [CP], §9.3. 

However, we are mainly interested now in the unrestricted integral forms and their spe- 
cializations. First set, as notation, X := (q — q~^X . Following [DP], §12.1, or [Gal], §3.3 
- whose constructions apply to semisimple Lie algebras, but also work for gl n and with Z 
instead of C — we define U q (gl n ) to be the unital Z[q, g _1 ]-subalgebra of U q (gl n ) generated 

i<i<j< n ' ^ 1 ^ S ^i(^n) 1S a Hopf Z[g, q 1 ] subalgebra of U q (gl n ), and 

is a free Z[q, g" 1 ] -module with PBW-like basis B<> := {\[, JlLi G l" II,. 

Vi,jjlk,<fj,i G N j (monomials being ordered w.r.t. any total order as before). Thus U q (gl n ) 
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is another Z[g, g x ] -integral form of f7 g (fl[ n ) — after il 9 (g[ n ) — as a Hopf algebra, in that it 
is a Hopf Z[q, g _1 ]-subalgebra such that Q(q) <8>z[ qtq -i] U q (gl n ) = U q (gl n ) . 

From [DP], §14.1, or [Gal], Theorem 7.4, one has that U q (gl n ) is a quantization of 
F[( s GL n *) z ] , i.e. Wi(fll n ) := (U q (gl n )) 1 = F[( s GL n *) z ] as Poisson Hopf algebras (notation 
of §§1.1/4), where on left-hand side we consider the standard Poisson structure inherited from 
U q (g{ n ) . Finally, let £ , e and Z e be as in §1.4, and U s (gl n ) := (U q (gi n )) e : then there is a 
Hopf Z-algebra embedding Tr^ { : F[( s GL n *) z ] = U\(gl n ) c — >U e (gl n ), called the quantum 
Frobenius morphism for s GL n * , given by £-th power on generators (see [Ga3], §§3.6-7, for 
details). It also extends to a Z g -linear map Tr^ defined on F [( s GL n *) z J = Z g <8>zWi(fl[ n ) . 

Once again, the same constructions can be done with sl n instead of gl n . In this way one 
construct U q (sl n ) simply following the recipe above but replacing the G^'s with the K^'s. 
Then U q (sl n ) is another Z[g, -integral form of U q (sl n ) (after il q (sl n )) as a Hopf algebra, 
and it is free as a Z[g, g _1 ] -module with (PBW-like) Z[g, g _1 ] -basis the set of ordered 

monomials B s := {il^^ IlkZl *T IL^^T | Vi,j^k^j,i ^ Entirely similar 

results to those for U q (gl n ) then hold for U q ($l n ) too, also regarding specializations at roots 
of 1 (including 1 itself) and quantum Frobenius morphisms J~rf x and Tr^ (see [Ga3], §4). 

The embedding U q (sl n ) c — ► U q (gl n ) restricts to Hopf embeddings ii q (sl n ) c — > Hi q (gl n ) 
and U q (sl n ) c — >■ W g (g[ n ) . The specializations of the latter ones at q = e and at q = 1 are 
compatible (in the obvious sense) with the quantum Frobenius morphisms. 

2.4 Quantum function algebras, their integral forms and quantum Frobenius 
morphisms. Let F q [M n ] be the quantum function algebra over M n introduced by Manin. 
Namely (cf. [No], §1.1, and references therein), F q [M n ] is the unital associative Q(g)-algebra 
with generators t^j (i, j = 1, . . . ,n) and relations 

ti,j ti,k = Q ti,k tij , ti,fc th,k = Q th,k ti,k V j < k , % < h , 

U,ltj,k = tj,kU,i ) U,ktj,i - tj,iU,k = (q - <? _1 ) U,itj,k V i<j,k<l. 
The (n x n)-matrix T := (tij) i ._ 1 n will be called a q-matrix. We call "quantum deter- 
minant" the element £> g = det g ((**,*)*,*=!,...,„) := E<t65„ (~ Q)' (fT) ^i <t(i) *2,<t(2) • • • *n,<r(n) > 

n 

belonging to the center of F ? [M n ] . This F q [M n ] is a bialgebra, with A(t i)J ) = (gitfcj 

k 1 

and e(ti,j) = % (for all z , j ); then L> 9 is group-like, i.e. A(D q ) = D q ®D q and e(D q ) = 1 . 

Finally, F q [M n ] admits the set B Mn := {U l<3 t?j flLi *M *3' | ^ e N V z, j } 

as Q(g)-basis, where again factors in monomials are ordered w.r.t. any fixed total order of 
the pairs (i, j) with i ^ j (see [Ga4], Theorem 2.1(a), and references therein). 

We define 5q[M n ] to be the unital Z[g, g _1 ]-subalgebra of F q [M n ] generated by the tij's 
(for all i, j); this is also a sub-bialgebra, and admits the same presentation as F q [M n ] but 
over Z[q, g _1 ] . Therefore D q e 3g[M n ] , the latter is a free Z[q, g _1 ]-module with Z[q, g -1 ]- 
basis Bm„ ([Ga4], Theorem 2.1(a)), and 3g[M n ] is a Z[g, g" 1 ] -integral form of F g [M n ] . The 
presentation shows that 3g[M n ] is a quantization of F[(M n ) z ], i.e. 3i[M n ] := (#g[M n ]) = 
i r [(M n )z] as Poisson bialgebras (where on left-hand side we consider the standard Poisson 
structure inherited from 3g[M n ] ), the isomorphism being given by — U,j for all 

Finally let £ , e , Z e be as in §1.4, 3e[M n ] : = {■Sq[M n ]) e • Then there is a bialgebra embedding 
d^M n '■ F[(M n )z] c — > $ e [M n ] (t^j i— > tij\ q - e ) 5 the quantum Frobenius morphism for M n . 
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Besides the presentation given above, another description of $ q [G] is available. In fact, 
using a characterization as algebra of matrix coefficients (cf. [APW], Appendix), F q [M n ] 
embeds into U q (gl n )* as a dense subalgebra (w.r.t. the weak topology). Hence the natural 
evaluation pairing ( (/, u) \— > f(u) ) restricts to a perfect ( = non-degenerate) Hopf pairing 
( , ) : F q [M n ] x U q (gl n ) > Q(q) (see e.g. [No], §1.3, for details). Then, by the analysis in 

[DL], §4 (adapted to M n ), one has $ q [M n ] = {/ e F q [M n ] | </,ii g ( [ n )) C Z^g" 1 ]} . 

All this gives the idea, like in [Gal], §4.3, for semisimple algebraic groups, to define 

T q [M n \ -.= [feF q [M n ] | (/.w^Da^- 1 ]} . 

The arguments in [Gal], Proposition 5.12, prove also that Q ■ jF 9 [M n ] is a Q[q, <? -1 ]- 
integral form of F q [M n ] . Moreover, the analysis therein together with [Ga2], §6, proves 
that Q • T q \M^ is a quantization of U(Qi n *) , i.e. (Q • F q [M n ]) 1 ^ U(gl n *) as co-Poisson 
bialgebras (taking on left-hand side the co-Poisson structure inherited from Q • T q [M n ] ) . 

Finally, let £ , e and Z e be as in §1.4, and set jF g [M n ] := (jF 9 [M n ]) g . Then again the 
arguments in [Gal], §7, show that there is an epimorphism 

Fr® e n : Q e ®tl e T e \M n \ » Q e ® z U z (qI*) = Q £ ® Q U(gi*) (2.1) 

of Q e -bialgebras, which will be called (again) the quantum Frobenius morphism for M n . 

All the previous construction can be repeated for GL n instead of M n (see again [No], 
§1.1, and references therein). One defines F q [GL n ] := (F q [M n f) [D q ~ ] , the extension of 
F q [M n ] by a formal inverse to D q ; thus the presentation of F q [M n ] induces one of F q [GL n ] 
as well. This F q [GL n ] is a Hopf algebra: the coproduct and counit on the Uj : s are given by 
the formulae for F q [M n ] (which is then a sub-bialgebra) plus the formulae saying that D q ~ x is 

group-like, and the antipode by S(t itj ) = det^tk,^^^ D~\ S{D~ 1 )=D q . 

We define $ q [GL n ] to be the unital Z[q, -subalgebra of F q [GL n ] generated by tij 
(for all i, j ) and F) q x . This is a Z[q, q~ x ] -integral form of F q [GL n ] , as a Hopf algebra, and 
it is a quantization of F[(GL n ) %\, with ti,j\ q=l — U,j (for all i,j ) and D q 1 \ q=1 — D 1 ■ 

It is known (cf. [Ga4], Theorem 2.1(a), and references therein), that $ q [GL n ] is free over 
Z[<7, Q -1 ], with (PBW-like) basis the set of ordered (w.r.t. any total order) monomials 

B GLn := {ll,..,/;;rli;; ,^11, D ~r \ ^ meNV w; min (K*h<,< n u M) = °} 

The perfect Hopf pairing ( , ) : F q [M n ] x U q (gl n ) ► Q(q) extends (on left-hand side) 

to F q [GL n ] ; then one deduces that $ q [GL n ] = {/ e F q [GL n ] | (f,il q (gl n )) C Z^g" 1 ]} 
(just like for F g [M n ] ). This gives the idea — as in [Gal], §4.3 — to define 

Fq{GL n ] := { / G F q [GL n ] | {fMMn)) Q Z^q- 1 }} ■ 

Again, one proves that Q • jF g [GL n ] is a Q[q, g -1 ] -integral form of F q [GL n ] (as a Hopf 
algebra), and also that Q • jF g [GL n ] is a quantization of U(gl n *) . 

Finally, for i and e as in §1.4, let 3 £ [GL n ] := {$ q [GL n ]) e and T e \GL n \ := (F q [GL n }) £ . 
Then there are two quantum Frobenius morphisms for GL n — both extending the correspond- 
ing ones for M n — namely ^gl„ : F [(GL n ) z ] = $i[GL n ] < — > $ s [GL n ] , a Hopf algebra 
monomorphism (given by iij i— > e ? -D -1 | — > -Dg"^ ), and a Hopf algebra epimorphism 

^g£„ : Qe ®z s ?e\GL n \ » Q £ ® z T\ [GL n ] Q £ ® Q U(gl n *) . (2.2) 
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AstoSL n (see[loc. cit.}), one defines F q [SL n ] := F q [GL n ] j (D q — l) = F q [M n ] j{D q -l) ; 

here (_D g — l) is the two-sided ideal of F g [GL n ] or of F q [M n ] generated by the central element 
D q — 1 : it is clearly a Hopf ideal, so F q [SL n ] is a Hopf algebra on its own. Explicitly, F q [SL n ] 
admits the same presentation as F q [M n ] or F q [GL n ] but with the additional relation D q = 1 



-l 



(in either case); its Hopf structure is given by the same formulas, but for setting D q 

Like before, we define $ q [SL n ] as the unital Z[g, g _1 ]-subalgebra of F q [SL n ] generated 
by the tij's: it has the same presentation as F q [SL n ] but over Z[g, g _1 ] , and is a Hopf 
subalgebra, hence a Z[g, g _1 ] -integral form of F q [SL n ] . In addition we have isomorphisms 

$ q [SL n ] $ q [GL n ]/(D q -l) $ q [M n ]/(D q -l) ofHopfZ^g^j-algebras, &nd$ q [SL n ] 

is a quantization of F[(fSL n )z], i.e. $i[SL n ] := (3 r g [5L n ]) 1 — F[(SL n )z] ■ It is proved in 
[Ga4], Theorem 2.1(a), that $ q [SL n ] is free over Z^g" 1 ] with (PBW-like) basis the set 

B SLn := {lL. / /;.7H;: ; 1I, | G N Vz,j; min{r^} fc=1 ,..., n = o} 

of ordered monomials (w.r.t. any total order). 

Like for F q [M n ] and F g [GL n ] , also F q [SL n ] can be naturally embedded as a dense sub- 
algebra of U q (s\n) '■= U q (sl n )* . Then the natural evaluation pairing between U q {s\ n )* and 
U q (sl n ) restricts to a perfect Hopf pairing ( , ) : F q [SL n ] x U q (sl n ) > Q(q) ; then (like for 

F q [M n ] and F g [GL n ] ) one finds that $ q [SL n ] = { / G F g [SL n ] | </,il g (s[ n )> C Z[g, g" 1 ] } . 

As in [Gal], §4.3, this leads us to define 

F q [SL n ] := {feF q [SL n ] | (/,W,(5l n )>CZ[g,g- 1 ]} . 

Then Q • JFJ^SLJ is a Q[g, g -1 ] -integral form of F q [SL n ] (as a Hopf algebra), and it is a 

quantization of t/(s[ n *) . Also, a bialgebra epimorphism jF g [M n ] » .F^SX™] and a Hopf 

algebra epimorphism jF g [CL n ] » jF g [5'L n ] exist, both dual to W g (st n ) 1 — > U q (Ql n ) . 

Finally, for any root of 1 of odd order I , say e , there are two quantum Frobenius morphisms 

for SL n : a Hopf algebra monomorphism 3*sL n '■ F[(SL n ) z] — $i[SL n ] c > $ E [SL n ] 

(given by iij i— > ^j| g _ e )> an d a Hopf algebra epimorphism 

Frgi : Q e ®z e ^ e [5L n ] » Q e ®z Fi[SL n ] = Q £ ® Q U(sl n *) . (2.3) 



2.5 U q (gl*}, U q (sln), integral forms and quantum Frobenius morphisms. It is 

shown in [Gal], §§5-6, that the linear dual U q (sl n )* of U q ($l n ) can be seen again as a quantum 
group on its own: namely, we can set U q (sln) := U q ($l n )* , such a notation being motivated 
by the fact that U q (s\n) stands for the Lie bialgebra sl n * exactly like U q {s\ n ) stands for 
sin • Indeed, U q (s\n) bears a natural structure of topological Hopf Q(g)-algebra, and has 
two integral forms U g (sl n *) and U q (sln) which play for U q (sln) the same role as ii q (sl n ) and 
U q (s[ n ) for U q (sl n ) . We shall here mainly consider the first integral form (and less the second), 
after [Gal], §§5-6, and apply the same procedure to construct U q (gl*) and il g (fl[ n *) too. 

First we define as the unital associative Q(g)-algebra with generators Fi, . . . , F n _i, 
A^ 1 , . . . , A^ l7 A^ 1 , Ei, . . . , E n -i and relations 

A, A" 1 = 1 = A- 1 A, , Af 1 Af = Af Af 1 V i, j 

A, Fj A" 1 = g' s " ,s ••' Fj , A, Ej A" 1 = <^> **•••<•' E 3 V i, j 

E i F j -F j E i = Vz,j 
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Ei Ej = Ej Ei , Fi Fj = Fj F, V i, j\ > 1 

EfEj - (q + q- 1 ) Ei Ej Ei + Ej E\ = V i,j : \i - j\ = 1 

FfFj - {q + q- 1 ) F, Fj F, + Fj Ff = V \i - j\ = 1. 

Consider also the elements L^ 1 := Ylk=i 1 (^ or an ^ = 1, • • • , ^ ) , and denote 
the unital Q(q , )-subalgebra 1 of generated by {Fj , L^ 1 , E^ . From the pre- 

sentation of one deduces one of too. Note also that both and contain 
quantum root vectors Eij and Fjj (for all % < j ) as in §2.2, and the sets of PBW-like 

ordered monomials B% := [U t<j E?/ flLi A t U t<J Fff \ <p jti , A fc , ^ G N } for and 

SI := {U t<J YlkZl L[ k U t<J Fit | <p jti , h, Vi,j G N } for H* are bases over Q(q) . 

One defines U q (sin) as a suitable completion of , so that U q (sin) is a topological Q(q)- 
algebra topologically generated by , and Bl is a Q((/)-basis of U q (sl n *) in topological sense. 
Then U q (sln) is also a topological Hopf Q((/)-algebra (see [Gal], §6). The same construction 
makes sense with instead of and yields the definition of U q (gl*), a topological Hopf 
algebra with Bl as (topological) Q((/)-basis. By construction is a subalgebra of but 

also a quotient via j (L n — l) = . Similarly U q (sln) is a topological Hopf subalgebra 

of U q (gl*) but also a quotient via U q (gl*) j (L n — l) = U q (sln) q ■ 

Let ( , ) : U q (sln) x U q (sl n ) > Q(q) be the natural evaluation pairing, given by 

(f,u) := f(u) for all u G U q (sl n ) , f G U q (sln) := U q (sl n )* . Using it, one defines (see 

[Gal], §6) U q (sl*) := 1 77 G U q (sl*) | (77 , U q (sl n )) C Z^g" 1 ] and $(7) holds}, where 

$(7) is a suitable "growth condition" for elements in U q (sln) . One proves that ii q (sln) is a 
Z[(7, g -1 ] -integral form (as a topological Hopf subalgebra) of U q (sln) . To describe ii q (sln), 

let fig be the Z [g, g" 1 ] -subalgebra of H g generated by all F^ m) 's, E^ m) 's, Lf 1 's and ( L ; ; c ) 's 
( m G N , c G Z , 1 < z < n ): then := {[l^E^ TCr ( L ?J °) L^*^ U^F^ 
Vi,jih,<Pj,i G n} is a basis of fi g over Z[(7,(7 _1 ], and il g (s[ n *) is the topological closure of 

Sj s q , so that OS* is a topological Z[q, g -1 ] -basis of il g (sl n *). 

Similarly, starting from the pairing ( , ) : U q (gl*) x U q (gl n ) >■ Q(q) one can define 

^(SC) := {v e ^(flC) I WJ) C Z^cj" 1 ] and *( 7 ) holds}, where *( 7 ) is a 
suitable "growth condition" in U q (gl*). Then ii q (gl*) is a (topological) Z[q, g -1 ] -integral 
form of f7 g (fl[ n *) , which can be described explicitly: everything goes like for il g (sl n *) but 
replacing the symbols L k with the A^'s (h = l,...,n) and the Z[q, g -1 ] -basis OS J with 

^[^7 q ,_1 ]-span of the latter, and it g (g[ n *) is just the completion of S) 9 q . Again by construc- 
tion $) s q is a subalgebra of ?) 9 q but also a quotient (restricting j (L n — l) = H s q to $) 9 q ), so 

i"lg(s[ n * ) is a topological Hopf subalgebra of ii q (gl*) , and also quotient of the latter. 

We can describe S) s q rather explicitly: it is the unital associative Z[q, g -1 ] -algebra with 

generators F^ m \ E^, Lf 1 , (for m G N , c G Z , % = 1, . . . , n - 1 ) and relations 

x The corresponding notation in [Gal], §6, is , and similarly for integral forms. 
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n(? s -i) 



'L k ;c 

rn 



'L h ; c 
rn 



L k 1 = L k 1 



'L h ; s 
m , 



= Y\{q 1 ~ s+c Lk-l), L k L- 1 = l = L~ 1 L k , 

s=l 

relations (1.2) for all X G {Ffc}fc=i,...,n-i > relations (1.1) for all X G {Fj, ^i}i=i,..., n -i 

L^F^ = q ^ h , k m F {m) L ^ ^ ^(r) ( S ) = (^(r) ^ L ±1 S (™) = g ±«M^H L ±l 



£/i ; ^( m ) _ p ( m ) fL h ; c + 8 h ,k m 



E 



Lh ; c\ ( m ) _ ( m ) (L h ; c + 8 h ,k m 



The Hopf structure of il g (sl n *) then can be described explicitly, but we do not need it. 

Similarly, S) 9 q is the unital associative Z[q, g -1 ] -algebra with generators F^ m \ E[ m \ A^ 1 , 
( A m C ) (f° r ro£N,cGZ, i = l,...,7i - 1, k = 1, . . . ,n) and relations 



n(? s -i) 



s=l 



A fc ;c 



m 



= n(9 1_s+c Afc-l), A fc A^ = l = A^A fc , 



s=l 



A/^c 



Af=Af 



'Ah;c 
m 



relations (1.2) for all X G {Afc}fc = i j ... jn , relations (1.1) for aJJ X G {Fj, ^i}i=i,...,n-i 
^ (r) Fi s) = Fi s) F (r) , Af 1 y fc (m) = g ±(^,fc-^,fc+i)"» y fc (m) Af 1 VFG{f, F} 



A^ ; ^( m ) _ ^( m ) (A h ; c+ (6h,k ~ h,k+i) m 



t 



t 



V Y G {F, F} . 



The Hopf structure of il g (gl n *) can also be given explicitly, yet we do not need that. 

iig(sln) is a quantization of £/z(stn*)> f° r -^i( s C ) : = {Hq(sln )) x — Uz(sln ) as co-Poisson 
Hopf algebras, with on left-hand side the co-Poisson structure inherited from il g (sl n *) . In 

terms of generators (notation of §1.2) this reads F^ n 



L: 



±i 



5=1 



= 1, £ 



(m) 



q=l 



(m) ; (A ^ /hA 

; ' V m ) q = l W 

e 4 M for all i = 1, . . . , n - 1 and m G N . Similarly ili(gl n *) := 



(il g (flt n *)) 1 = %(gl n *) as co-Poisson Hopf algebras, with F ? 



(m) 



(m) /A h ;0' 



, A 



±i 



1, F 



(m) 



e| m ' ) for m G N , z = 1, . . . , n — 1 , h = 1, . . . , n . The map 



q = l 



9=1 



9=1 



^q(flC) — * ilg(-stn) then is a quantization of the natural epimorphism g[ n * — » sl n * . 

Finally, let t and £ be as in §1.4. Set il e (s( n *) := (itg(st n *)) e and := (f) s ) e - Then 
(cf. [Gal], §7.7) the embedding f) s e c — > il g (sl n *) is an isomorphism, thus il e (sl n *) = . 
Similarly (with like notation) H e (g( n *) = £j§ . Also, there are Hopf algebra epimorphisms 



fftfft : il e (s(n) = fig » Z £ = Z £ ® Z ill(*l„*) = Z e ® z L/ Z (st n *) (2-4) 

5r z ^ : U £ (g( n *) = Si% » Z e ® z = Z £ ® z U^gC) Z e ® z £/ z (gl n *) (2-5) 



defined by X\ 



(s) 



q=e 



(s/t) (Y* ; 



if I 



s 



if 



^/^s , and ^ 



±i 



q=l 



1, with (X, x) G {(F, f), (F,e)}, and (Y,k) := (L, h) in the s( n case, 



(y, k) := (A,g) in the gl n case. These are quantum Frobenius morphism for sl n * and gl n *. 
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The epimorphism tt q : H q (gl*) » ilg(s[ n *) of topological Hopf Z[g, g -1 ] -algebras 

mentioned above is compatible with the quantum Frobenius morphisms, that is to say 
7Ti o d^gi * = ° 71 e (where 7ri and 7r £ have the obvious meaning) . 

We remark that F> s q = { n G H s q \ (n , U q (sl n )) C Z[g, <? _1 ] } , and similarly for . Then 
one can consider ([Gal], §§6-7) H s q := {n e H q \ (rj , iX q (sl n )) C Z[g,g _1 ] } . This is the 

^[<2S -subalgebra of generated by { E i} j , L^ 1 , fj,*})^",, 1 , with a PBW-like ba- 
sis over Z[g, g -1 ] given by the ordered monomials in these generators. The unrestricted 
Z [q, q~ x ] -integral form U q (sin) is the (suitable) topological completion of H q inside U q (sin) ', 
one also has another quantum Frobenius morphism Tr^* : UAg*) c — > UAg*) , defined on 
generators as an "£-th power operation". Similarly holds for := { rjEJi q | (77 , ii q (gl n )} C 
Z[g, g -1 ] } and W g (0l n *) , with A^'s instead of L^s, and a suitable quantum Frobenius Trf r . 

Warnings: (a) In [Gal] integral forms are over Q[q, q -1 ] , but now we work over Z[g, q~ x ~\ . 
Some results here for ^[SLn] are improvements of those for Q[q, q~ x ] <S>z [q.g- 1 ] J~q[SL n \ in 
[Gal], and similarly for GL n (see §§4.8-10). For U q (g*) too, the results in [Gal] are over 
Q[q, : yet the arguments therein also apply over Z[q, g -1 ] , giving the results of §2.5. 

(b) In this work we deal with integral forms ^[-X - ] of i^f-X] (for X G {M n , GL n , SL n } ), 
passing through integral forms ii q (g*) of U q (g*) (for g G {gl n ,sl n }). The same methods 
and ideas apply also to the forms ^[-X], passing through the forms U q (g*)\ this yields new 
proofs of the results for them and their quantum Frobenius morphisms mentioned in §§2.4. 

§ 3 Embedding quantum function algebras into dual quantum groups. 

3.1 Construction of U q (g*) and the natural evaluation pairing. The descrip- 
tion of U q (g*) := U q (g)* , for g G {g[ n ,s[ n } , given above comes from the following con- 
struction (cf. [Gal], §§5-6). Let U q (b+) and U q (b-) be the quantum Borel subalgebras of 
U q (g) : namely, U q (b + ) , resp. U q (b-) , is the subalgebra of U q (g) obtained discarding the 
Fj's, resp. the E^s, from the set of generators; similarly one defines integral forms ii q (b±) 
and U q (b±) of U q (b±) as well. Then U q (g) as a coalgebra is a quotient of U q (b+) <E> U q (b-). 
Therefore U q {g*) := U q (g)* is a subalgebra of (U q (b+) ®U q (b-))* = U q {b+)*®U q {b-)* , 
where <g> denotes topological tensor product (completion of <8> w.r.t. weak topology). In 
[Gal], §5, it was observed that U q (b±) as an algebra is the completion of U q (b T ) , so that 
(U q (b+) <S> U q (b-))*= U q {b-) ® U q (b + ) . Then U q (g*) can be described as topological^ gen- 
erated by elements F { ® 1 , T fc Tl <g> T^ 1 , 1 <g> G £/,(*>_) § *7q(b + ) = (U q (b+) <g> f7 g (b_))* 
(with T^ 1 G {Gf }^ .< n if = gl n and T* 1 G {K* 1 }^^ if = sl n ). 

Now we observe that U q (b+) = U q (b-) as algebras, via Et» Fi, T* 1 i T fc Tl . Then 
we have also (U q (b+) <g> C^(b_))* = C^(b_) ® t/ g (b+) U q (b+) § C^(b_) . Thus C^(fl*) := 
C/g(0)* can be described as topologically generated by elements Ei ® 1 , T^ 1 <g> T^ 1 , 1 <g> Fi 
G ZTg(b-i-) ® U q (b-) , which by abuse of notation we shall call Ei , T^ 1 and . The relations 
among them are those for Ei , T^ 1 (in { G^ 1 } 1<J<n or in { K^ 1 } 1<h<n _ 1 according to 
whether = 0[ n or = sl n ) and Fi in §2.5. Using this description for U q (g*) , the evaluation 
pairing ( , ) : U q (g*) x U q (g) — > Q(q) is uniquely determined by its values on PBW bases. 
It is described explicitly in [Gal] (§2.4 and §6), but before identifying U q (b + ) = U q (b-) and 
U q (b-) = U q {b + ). Once we adopt these last identifications, which map Eij h- > (— q , ) i_ ' 7+ 
and i— > (— q) J ~ l ~ Eij (for i < j), the results in [Gal], §6, eventually read 
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/ UE (^) ft M y -w) ii /^-^ n ^r iW n^r 

i<j t=l \Xt/g 

where (Y, Z, /) stands for (L, K, n — l) in the 5t n case and for (A, G, n) in the gl n case. 

3.2 The embedding £: Fg[G] 1 — >■ £/q(fl*) and its restrictions to integral forms. 

Let G G {SL n ,GL n } and := Cie(G) . Definitions embed F q [G] into U q (g)* =: U q (g*) , 
via a monomorphism £: ^[G] c — > U q (g*) of topological Hopf Q((/)-algebras: they also 
imply J-'qlG] = , thus £ restricts to a monomorphism £ : ./^[G] c — > H q (g*) , and 

similarly to £ : $ q [G\ ^ U q {g*) too. These verify FJG] = CH^-g) , = 
and 3q[G] = £ _1 (7iq) (with x = s or a; = (7 according to the type of G). As F q [M n ] 
embeds into F q [GL n ] — and similarly for integer forms — one has also bialgebra embeddings 
Z:F q [M n ]^U q (Qi:), f : ^[M n ]^il g ( C) and £ : $ q [M n \ U q (t^) . 

Moreover, by construction £ and £ are compatible with specializations and quantum Frobe- 
nius morphisms, i.e. ^id Qe ® z £ \ q =i) ^ r G s = ( id( Q e ®z e ) ( id( Q e ®z e £| g =e) for ^' and 

similarly for £ (for any root of unity e of odd order). Finally, all the embeddings £ and their 
restrictions to integral forms are compatible (in the obvious sense) with the epimorphisms 

u q(&n)— -»U q (sln) , F q [G L n ] — F q [S L n ] or F q [M n ]-^F q [SL n ] and their restrictions 
to integral forms, see Proposition 3.7(b). All this follows from definitions (see also [Gal], §6). 

The following gives an explicit description of all the embeddings mentioned above: 

Proposition 3.3. The embeddings J g [M n ] c — > U q (gl*) , £: 3g[GL n ] c — > U q (gl*) , 
£ : F q [M n ] c — ► U q (gl*) and £ : F q [GL n ] c — > U q (gi*) are uniquely determined by 

'2 n 

U,j - (-q) J ~ l ~ EijAj - (-q) J ~ l ~ E E i)k A k F kJ V i<j 

k=j+l 

n 

t h i i-> A t - q~ 2 E i,k Afc F k)l V i = l = j 

k=i+i 

■ , ■ • o n 

U,j >-> +(-9) J 1 K Fi,j ~ {-q) J 1 E E i>k A k F kjj V i>j 

k=i+l 

With Aj 1 = L^L^\ , this describes l'.$ q [SL n ] ^U q (sl*) and t:F q [SL n ] ^ U q (sl*) . 

Proof. It is enough to prove the claims for the £'s: the rest follows by scalar extension. 

Let G := GL n , let and $ q [B_] be the quotient Hopf algebras of $ q [G] obtained 

factoring out the generators with i>j and i<j respectively. Let tv + : $ q [G] — » 
and 7r_ : $ q [G] — » ^ q [B_] be the corresponding epimorphisms. 

In [DL], §4.3, an embedding £: # g [G] 1 — ► U q (g*) is given by the composition 

$ q [G] SJG]®SJG] " + ^~ . : W g (b_)®W g (b + ) 
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whose image is contained in the subalgebra of U q (b-) ®U q (b + ) which is isomorphic (through 
the identifications explained in §3.1) to the subalgebra H 9 q of U q (g*) considered at the end of 
§2.5. The last step in this composition is given by isomorphisms t} + : $ q [B + ] = U q (b-) and 
■d- : $ q [B-\ = U q (b + ) . We modify this construction (as sketched in §3.1) by changing the 

last step with $ q [B+] ® 3 q [B_] ^ + ^~ > U q (b+) <g> U q (b-) , where $ + : 3 q [B+] = U q (b + ) 
and : $ q [BJ\ = U q (b-) are the algebra isomorphisms given by 

tf+ : U, k h- +(-q) k - l A+ 1 E^ k (V i<k), t hl » A+ 1 (V /) 
0- : t kJ » -(- q y- k F kJ A-! (V k>j), t u » A- 1 (V /) 

Therefore, explicit computation gives (using notation S^j := 1 or S^j := according to 
whether i ~ j or not, for any relation ~ ) 

((■&+ ® $-) O (7T_|_ ® 7T_) O A) (t l;J ) = 5 l=J A+ 1 <g> A" 1 - 5 t>J (-q) J - 1 A+ 1 <g) A" 1 + 

+ ^ ,( <l)' ' Ai ' T-i.j A, ; - EL(ivi) + i(-?) i " < ASf 1 Si,*®F fc jAfc 1 

Exploiting the commutation relations in W g (b±) and using notation £^ := (g) 1 , A^ 1 := 
A^ 1 ® AJ 1 and F^- := 1 <g) F^- as in §3.1, the above result gives the claim. □ 

3.4 Remarks: (a) The embedding considered in [GR] for n = 2 is 

f: h-> Ai — FA 2 F , ti )2 i-> -FA 2 , t 2 ,i^+A 2 F, ^2,2^A 2 , 

after the recipe of [DL]. In the sequel we exploit some results from [GR], but these only use 
intrinsic properties of F q [SL 2 ] , independent of any embedding of the latter into £/g(sl 2 ) . 
Thus the present work can be applied (in a non self-contradicting way) for n = 2 too. 

(b) In the following to simplify notation we shall identify F q [M n ] and Fg[G] with their 
isomorphic images in U q (g*) via the embeddings £, and the same for integral forms. 

3.5 From inclusions to identities. Let G := SL n . By [DL], §4, or [Gal], Theo- 
rem 5.14, one knows that the monomorphisms £: $ q [G] c — > U q (g*) , £: F q [G] c — > U q (g*) 

and £: F q [G] c — ► extend to isomorphisms (of algebras) £: 3 q [G] [</> _1 ] c »U q (g*) , 

£ : F g [G] [0 _1 ] U q (g*) and £ : T q [G] [0" 1 ] -^il g (g*) , for some G . 

We shall now improve this result, with an independent approach, and extend it to G = 
GL n and M n . Mimicking [DL], §4, the would-be element <fi G $ q [GL n ] should be given by 

= T 1 T 2 ---T n _ 1 T n = (A 1 ---A n )(A 2 -.-A n )--.(A n _ 1 A n )A n = A 1 A| Af • • • A^ 1 A£ 

where T; := A; Az + i • • • A n _i A n G 7ig (see §2.5) for I = 1, 2, . . . , n , and we identify quantum 
function algebras with their images in U q [gl*) as in Proposition 3.3. The key step is 

Lemma 3.6. Let's identify F q [M n ] with its copy ^(F q [M n ]) inside U q (gl*) . Then 
<t> := T x T 2 • • • T n _iT n = AiA| • • • KllK G d q [M n ] ( C T q \M n \ C F,[M n ] ) 

Proof. Exploiting carefully the formulae of Proposition 3.3, one easily proves that 

Ti := Ai Ai + i ■ ■ ■ A n _i A n G $ q [M n ] for all / = 1, 2, . . . , n, n + 1 (3.2) 
by a simple induction, whence the claim follows at once. □ 

Now using this lemma (and Corollary 3.8 later on) we get our "improved result": 
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Theorem 3.7. TTie embeddings £ , £ and £ extend to the following identifications: 
(a) ^[Mjff 1 ] = Wf , ^[f^^, Fq[M n ][0 -1 ] = 
(6J ^[GLn]^" 1 ] = ft£ , ^[GLn]^" 1 ] = $g , F g [GL n ] = Hg 

(c) ^[5L n ][0- 1 ] = W» , ^[^l^- 1 ] = i5» , F g [SX n ] [4> ] = H* 

TV 

where in the last row we write again for the image of (j) <EF q [M n ] via F q [M n ] » F q [SL n ] . 

Proof, (a) It is clear that having T x , T 2 , . . . , T n _ x , T n G $ q [M n ] C ^[M n ][0 _1 ] together 
with 0- 1 = Tf 1 T^ 1 • • • T~_\ T- 1 G SjM n ] [0" 1 ] imply 

Tj-^A^A^i ...A-^A" 1 e UMn}^ 1 } V Z = 1, 2, . . . ,n, n + 1 . (3.3) 

From formulas (3.2-3) we easily find that Af 1 , A^ 1 , • • • , Aj^ , A^ 1 G $ q [M n ] [(p' 1 ] . 
Finally, using this and the formulas for the tij's in Proposition 3.3 we eventually find also 
By, Fij G y g [M B ][^ _1 ] for all 1 < i < j < n. All this says that $ q [M n ] [(f)- 1 ] con- 
tains all generators of HP q , so (as $ q [M n ] [</> _1 ] C H 9 by construction) we conclude that 
3q[M n ] [<P~ 1 ] = 7~L q ? q-e.d. By scalar extension it follows that F q [M n ] [</> _1 ] = too. 

Finally, recall that T q \M n \ = F q [M n ] n i3» . Then given / G fy\ C H« = F,[M n ] f^" 1 ] , 
there is fc G N such that /^ fc G F g [M n ] n fc ^q[M n ] C F q [M n ] Sj 9 q = F q [M n ] , whence 
/ G jF g [M n ] [</> _1 ] • Thus Sj 9 C jF g [M n ] [</> _1 ] , and the converse is clear. This proves 

f&j By construction we have F q [M n ] c — > F q [GL n ] c — > H 9 , which clearly induces 
F q [M n ] [(j)- 1 ] -Fg [GL n ] [0" 1 ] H« . But then by faj we get also F q [GL n ] [</>" X ] = H 9 q . 
The same argument works for integral forms as well. 

(c) By construction we have = 7r(Hg) and F q [SL n ] = 7r(F q [M n ]) , where in both 
cases 7T denotes the natural epimorphism of §3.2. Now, by Corollary 3.8 below — whose proof 
needs only claim (a) above, so we are not using a circular argument! — we have 

F q [SL n ] = n{F q [M n ]) [tt^)" 1 ] = n (F q [M n ) ) = tt(H^) = H* . 

The same argument works for integral forms too, thus proving (c). □ 

As a byproduct of Theorem 3.7(a), we have the following consequence: 

Corollary 3.8. Let's identify F q [M n ] with its copy £(F 9 [M n ]) inside U q (gl*) . Then 

D q = A 1 A 2 ---A n _ 1 A n =: Ti 

Therefore, the various embeddings £ o/ quantum function algebras into dual quantum 
groups, and their restrictions to integral forms (cf. §3.2), are compatible with the canoni- 
cal epimorphisms w , and their restrictions to integral forms (cf. §3.2), namely 7ro£ = £o?t . 

7T 7T 

In other words, F q [GL n ] »F q [SL n ] and F q [M n ] »F q {SL n ] are the restrictions of 

U q [gl*) »U q (sin) , and similarly for their restrictions to integral forms. 

Proof. Let Z(A) denote the centre of any algebra A. We know that D q G Z(F q [M n f) ; by 
Theorem 3.7(a), this gives also D q G Z(F q [M n ] [(j)' 1 ] ) = Z(~H 9 ) . On the other hand, one 
sees (via direct computation) that Z(H 9 ) = Q(q) [Ti, Tf 1 ] , where T\ := AiA 2 • ■ • A n _iA n . 
Therefore D q = Ppr^Tf 1 ) , for some Laurent polynomial P . 

Now, since D q and T^ 1 are both group-like, it must necessarily be D q = T{ , for some 
zGZ. Finally, the pairing with U q (gl n ) gives (D q , Gi) = q and (T{ , Gi) = q z (for all i = 
1, . . . , n ) for any zGZ. This forces z = 1 , hence D q =Ti . □ 
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§ 4 The structure of T q [M n ] , T q [GL n ] and T q [SL n ] , 
specializations and quantum Frobenius epimorphisms. 

4.1 Summary. In this section we present our main results. First, we prove that J- q [M n ] 
is a free Z[g, g _1 ] -module, providing a basis of Poincare-Birkhoff-Witt type; we give a pre- 
sentation by generators and relations, and we show that jF g [M n ] is a Z[g, g _1 ]-subbialgebra, 
hence a Z[g, g _1 ] -integral form, of F q [M n ] . Also, we prove that the specialization of T q \M^\ 
at q = 1 is just £/z(flt n *); m particular, it is a Jfopf Z-algebra, which is true also for any 
other specialization at a root of 1 but needs other arguments to be proved (see Corollary 5.7). 
Finally, we show that the quantum Frobenius morphism (2.1) for gl* is defined over Z e , and 
we describe it in terms of the previously mentioned presentation. 

All this has direct consequences regarding T q \GL^\ and T q \SLr\ . Namely, we provide 
a Z[g, g _1 ] -spanning set for T q \GL^\, we give a presentation by generators and relations, 
and we show that J r q [GL n ] is a Z[g, g _1 ] -integral form, as a Hopf algebra, of F q [GL n ] . As a 
consequence, we prove that the specialization of jF g [GL n ] at q = 1 is U% (Ql n *) . Another result 
is that for any root of unity e of odd order we have an isomorphism jF g [GL n ] = jF £ [M n ] as 
Z e -bialgebras: in particular, jF e [M n ] is a Hopf Z e -algebra. Finally, we show that the quantum 
Frobenius morphism (2.2) for g[ n * is defined over Z e , and we describe it in terms of the above 
mentioned presentation. The same results also are proved, up to details, for T q [SL n ] too. 

The results about T q \GL^\ are proved from those about f g [M n ], via a monomorphism 
T q \Mr\ c — > T q \GLr\ (over Z[g, g _1 ] ) induced by the monomorphism F q [M n ] c — > F q [GL n ] 
(over Q(q)). Instead, all results about jF g [SX n ] come out of those for jF g [M n ] via the epi- 

morphism jF g [M n ] » T^M^j {F) q — l) = T q [SL n ] induced by the natural map (a 

Z[q, g^J-bialgebra epimorphism!) F q [M n ] - -» F q [M n ] / (D q - l) ^ F q [SL n ] . 

We need more notation. Set t i; j := (q — g -1 ) for all i^j, and tffi := t™j /[ 



m\ q \ 



for all m G N, like in §1.3. Next result will be basic in the following: 

Lemma 4.2. For all m, k G N and c G Z, the embedding £: F q [M n ] c — > U q (gl*) gives 

^if) = (-l) m(j " i+1) q^-'H-) ^o+ES (V) (_l)-eo ^_ ? -l ) --e 0>< 

E fe= o e fe= m 

x [ei],l • • • [e„-j],l • -E.g-'-E/j+i ' ' ' < n " ,) A ?' A ?+i ' ' ' A?"' ■ ■ ■ (i< j) 

«(('*£' ")) = E^»-"-0 (< -,-t)' £ [ei],l-[^J,lx 

v F (6l) ...p( e >-h) J ^; c " r l .ei a e„_ h p (ei) p (e n -h) ( y ,\ 

X ^h.h+l ^h,n \ kr J A h+1 A n *h+l,h b n,h \ Vn ) 

=(-l) m W- i + 1 )g»*(j-*-2)-(?) £ ^+^"i( e 2 S ) (g_g-l) m - e °x 

x [ P J .1 I . ■ ■ ■ R( e "-*) A e oA e i . . . A e «-i zr( e o)p( e i) . . . p( e «-i) (V>^ 

x l e U 9 - [ e n-iJ g - ^i, n iV i iV i+l iV n r i,j r i+l,j r n,j V ^ J ) 

Proof. Let's look at for i < j . By Proposition 3.3 we have 
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The right-hand side above fulfills the hypotheses of Lemma 1.5(b) with p = q , and the claim 
follows at once by brute computation. The case i > j is entirely similar. 

As for £ ((^ h 'j ( ' C ^ ' P ro P os ition 3.3 again gives 

th,h]c\\ = f£(t h ,h);c\ = (k h - (q-q- 1 ) q~ 2 Y^=h+i E h,sKF s , h ; c 
k J J \ k J [ k 

Applying Lemma 1.6(a), with x := A h and w := -q~ 2 YT s =h+i E h,s A s F 8jh , we get 

Now we apply Lemma 1.5(b) to expand (X)s=/i+i E h,s^8 Fs,h) • Eventually, one rearranges 
factors using the commutation relations in U q (qI*) , and the result is there. □ 



Theorem 4.3. 

(a) jF g [M n ] is a free Z[q, q~ x ] -module, with basis the set of ordered (PBW-like) monomials 

Bm„ := \ Mt _:= n tfi"' ft (*" : °) n t£"> r = M^., € M„(N) } 
I i<j fc=i V r fc,fc / i>j ) 

where monomials are ordered w.r.t. any total order of the pairs with % ^ j . Similarly, 
any other set obtained from Bm„ via permutations of factors is a Z[q, q~ x ] -basis as well. 

(b) J r q [GL n ] is the Z[q, q -1 ] -span of the set of ordered (PBW-like) monomials 

s GLn ■.= { n tfi' j) n ( tk > k ; °) n ^ z = (■,,,y; i , G m b (n) , * G n } . 

I i<j fc=l V T k,k J i>j ,J ) 

where monomials are ordered w.r.t. any total order of the pairs with i ^ j . Similarly, 
any other set obtained from Sql^ via permutations of factors (of the monomials in SoL n ) 
is a Z[q, q -1 ] -spanning set for J r q [GL n ] as well. Moreover, if f E J r q [GL n ] then f can be 
expanded into a Z[g,(/ _1 ] -linear combination of elements of <S>gl„ which all bear the same 
exponent 5 ; similarly for the other spanning sets mentioned above. 

(c) J-'qlSLn] is the Z[q, q -1 ] -span of the set of ordered (PBW-like) monomials 

I i<j k=l \ T k,k J i>j ,J ) 

where monomials are ordered w.r.t. any total order of the pairs with i ^ j . Similarly, 
any other set obtained from SsL n via permutations of factors (of the monomials in Ssl„) is 
a Z[(/,(/ _1 ] -spanning set for jF (? [5'L n ] as well. 

Proof, (a) We know from §2.4 that B Mn is a Q(g)-basis of F q [M n ] . Then it is clear that the 
same is true for £>m„ , hence its Z\q, (/ _1 ]-span is a free Z[q, g -1 ] -sub module of F q [M n ] . 

Thanks to Lemma 4.2, each of the factors t^'^ or Ylk=i °) or * tne monomials in £>m„ 

is mapped by £: F q [M n ] c — > U q (gl*) into S) 9 . Since the latter is a subalgebra, each of 
the monomials also is mapped into Sj 9 . Thus (cf. §3.2) we deduce that £>m„ is contained in 
T q \Mr\ , hence the same holds for its (free) Z[q, g _1 ]-span. 
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Consider in $) 9 q the unique Z[g, g _1 ] -algebra grading such that the generic monomial in 
the PBW basis »g of , say J] £7 S < ' , ' ) ft ( A \l°) A~ Ent{Xh/2) J] ^P' (cf. §2.5), has 
degree Yl {Vi,j + ^ij) • Then Lemma 4.2 reads 

? (*«') = (-l)"' <i_i+1) g-O-^H™),™ (-1)""' • A™ + ft.rf.f. V i < j 



fc // 1 fc,o 



where "h.d.V stands for "higher degree terms" . It follows that 

«(^ = n^n<( t ^°))ne(tS"') = 

= £9 c ns,!; ,j ' ii * n ( A ! :0 ) nA? j n^j ,J) + 

i<j i<j fc=l \ ' k J t<j i<j 

for some sign e = ±1 and some integers z, ( G Z . 

Now pick / G jF 9 [M n ] . Since £>m„ is a Q(g)-basis of F q [M n ] , there exists a unique 
expansion / = X] T eM„(N) Xt^t for some Xt_ £ Q(g) > almost all zero: our goal is to show 

that indeed they belong to Z[g,g _1 ] . Let r := min | Yl<i=£j T i,j \ z £ ^n(N) , Xr 7^ o| . 
Then the previous analysis yields 

«(/) = e^^. w n<? j) nAj- ft ( A !;°) n^; ,j) + ».*«. 

^ J i<j i<j k=l \ 1 k / i<j i<j 



/ n / 

~k,k 



Pick now II /•;, ; ]1 G k k ' k II ' , a monomial in the PBW-like basis B 9 of W,(flU (see 

i<j k=l i<j 

§2.3). Then the above expansion of £(/) along with formula (3.1) yields 

in i i \ I in i / 

/• n<rn^n^r = (*(/), n<r n^n^r 

z<j = l i<j / \ i<j k—1 i<j 

I / i \ / n / A . . n\ / / / \ / n i / 

= E xre« c ( n^rnA^ n *' im; 41/y.y ! . ii^ii^*; fcfc ii/^ 

, \ i<j i<j k=l\ r k,k / i<j i<j i<j k=l i<j 

W = E XzW- ft ((^ ; °W") = E^-.v** x^<A ft ( T } k 



for some 77 G {+1, —1} and (3 G Z . Since / G F 9 [M n ] , the last term belongs to Z[g, q x ] . 

Now choose any r' inside |r G M n (N) | Ei/j r i,j = r o 7 Xr 7^ o| which is minimal (for 
the restriction of the product order in M n (N) = N" 2 ). Then Ylk=i (l k k 't) = $z',z > anc ^ so 
XzW = (/, II, ^ flLi^ II, G Z^g" 1 ] , hence XrJ G Z^g" 1 ] . 
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Thus we get that Xt' £ ^[oS 1 ? -1 ] f° r the r' G M n (N) specified above. Since we already 
proved that £>m„ Q ^ q [M n ] , it follows that /':=/ — ^ .Mr' G jF g [M n ] . Now, by construc- 
tion the expansion of /' as a Q((/) -linear combination of elements of Sm„ has one non-trivial 
summand less than / : then we can apply again the same argument, and iterate till we find 
that all coefficients Xt in the original expansion of / do belong to Z[g, g -1 ] . 

Finally, the last observation about other bases is clear. 



(b) By claim (a), every monomial of type M.^ := 




^[QiQ 1 ]-valued on U q (Ql n ) , i.e., it takes values in Z[q,q 1 ] when paired with U q (gl n ) . 
On the other hand, the same is true for D~ s (V 5 G N), because D~ s G $ q [GL n ] and 
$ q [GL n ] C T q [GL n ] since il 9 (gl n ) D U q {gl n ) . Finally, 

l^M^Dq 5 , U q {QlJj = (Mt_ <S> Dq 5 , A(U q (Ql n ))) C ^( 1J> • (d- 5 , W g (g[j) 

and the last product on right-hand side belongs to Z[g, g -1 ] . Thus M.^Dq 5 G jF g [GL n ] , 
for all r G M n (N) , 5 G N , and so the Z[q, q' 1 ] -span of SoL n is contained in jF ? [GL n ] . 

Conversely, let / G jF g [GL n ] . Then there exists 5 G N such that f D q G F g [M n ] . In 
addition, = A(W 9 (flU)) C (/, ^(fltj) • (d/, ^(fllj ) C 

Z^g" 1 ] because f,D q s G JF g [GL n ] . Thus f D q 5 G ^ g [M n ] ; then, by claim (a), f D q s 
belongs to the Z[<j», (/ _1 ]-span of Bm„ , whence claim (b) follows at once. 
Finally, the last observation about other spanning sets is self-evident. 

(c) The projection epimorphism F q [M n ] » F q [M n ] ^ [D q — l) = F q [SL n ] maps £>m„ 

onto SsL n • It follows directly from definitions that 7r(jF g [M n ]) C jF g [SX n ] , hence in partic- 
ular (thanks to claim (a)) the Z[g, (/ _1 ]-span of Ssl„ is contained in jF^f^L^] . 

Conversely, let / G .F g [SL n ] . Then (/ , U t<j E%> JlVi ^ k Ui <3 ^) G Z^g" 1 ] 

for every monomial ^J'' T[£=i ^IL^ in the Z[q, q~ x ] -basis £ s of W g (sl n ) 
(cf. §2.3). Moreover, ® / (2) = A(/) G A(F g [SL n ]) C F g [SL n ] ® F q [SL n ] , hence 

(/•/-Mi, / / 7 ;:ni;; ^/r) = (a(/) , ^ ® n ^ n^rn^r) = 

X 7 \ i<J fe=l £<j / 

= E(/)(/(l) , L n) ' (/(2) , rii<j Tlfc^l 1 ^fc fc Ili<j 

On the other hand, the natural embedding U q (s\ n ) c — >■ C/ g (gl n ) has a canonical section 

Uq{Ql n ) »U q (sl n ) whose kernel is generated by [L n — 1). In fact, one has an algebra 

isomorphism U q (gl n ) = (Z[g, q~ x ] ) [L^L" 1 ] C^z^q- 1 ] U q (sl n ) . Dually, the natural epimor- 
phism F q [GL n ] » F q [SL n ] (or F q [M n ] » F q [SL n ] as well) has a canonical section 

F q [SL n ] < — ► F g [GL n ] (or F<,[£L n ] 1 — ► F g [M n ] as well) given by <p^(popr, for every <f> G 

F g [SL n ] . In particular this yields (j> , L^j = ^opr, L^j = (<f> , pr(L*)} = ((f), l) = e{4>) 

for all <j> G F q [SL n ] and A G Z . This and the previous analysis give 

\ i<j fc=l i<j / \ (/) i<j fc=l i<j I 

= (./••ii,.; / 7 7 ;:ni;; l^rn, / / 7 ;:; ; ) e z^,?- 1 ] 
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n— 1 n— 1 

Now observe that L^U E%> n U ffl = U U K?L* U F?? , because 

i<j k=l i<j i<j k=l i<j 

L n is central in U q (gl n ) , and the latter monomials (for all rjij , cpjj G N and all K^AeZ) 
clearly form a Z[q, g -1 ] -basis of U q (Ql n ) , as B 9 is a similar basis (see §2.2, and make an easy 
comparison, through definitions). But then we proved that any / in J r q [SL n ] takes values 
in Z[q, onto elements of a Z[q, g -1 ] -basis of U q (gl n ) , hence also / G T q \GL n \ via the 
embedding F q [SL n ] F g [GL n ] and / G ^[M n ] via F g [SL n ] F q [M n ] . By claim (aj, 
the last fact implies that / (in F q [M n ] ) is in the Z[q, q ,_1 ]-span of £>m„ > hence also that 
/ = 7r(/) is in the Z[g,g -1 ]-span of 7r(B M J = S M „ • 

Finally, the last remark about other bases is clear. □ 

4.4 Remarks, (a) Exactly the same argument as above — just using monomials in the 
generators tij instead of the t^'s and the ^ tfe >fc' j's — gives a new, independent proof 

of the identity $ q [M n \ = {/ G F q [M n ] (f,Uqfal n )) Q Z[q, q' 1 ] } mentioned in §2.4, and, 

similarly, also the identities $ q [GL n ] = {/ G F q [GL n ] (f,ii q (gl n )) C Z[g, g _1 ] | (see §2.4) 

and $ q [SL n ] = {feF q [SL n ] | </,il g (s[ n )) C Z[g, g" 1 ] } (see §2.4). 

(b) Clearly the Z[g,g _1 ] -spanning set <S>gl„ is not a Z[q,q 1 ] -basis of jF g [GL n ] . For 
instance, expanding D q as a Z[g, g _1 ] -linear combination of elements of the basis £>m„ (of 
jF ? [M n ]), the relation D q D~ l = 1 (inside T q \GL n \ ) yields a non-trivial Z[g, g _1 ] -linear 
dependence relation among elements of ScL n ■ 

(c) The Z[q, g _1 ] -spanning set Ssl u is definitely not a Z[q, g _1 ]-basis of JF^SX™] : e.g., 
for n = 2 the relation ^2,2 — <?£i, 2^2,1 — 1 = yields the relation (in F q [SL2\ ) 

^1,1 ; 0\ /*2,2 ;0\ . ;0\ /*2,2;0\ , -iw(i)+(i) n 

! J + t^ ! J+C?- 1 )^ x x J -(! + ?)(? -3 ) *i,2 *2,i - 

Theorem 4.3 has the following immediate consequence, whose proof is straightforward: 

Corollary 4.5. For every X G {M,GL} , let [D q — l) be the two-sided ideal of F q [X n ] 
generated by (D q — 1) , and let V(X n ) := [D q — l) n jF g [X n ] , a two-sided ideal of T q \X n \ . 

(a) The epimorphism F q [M n ] » F q [M n ] j (D q — l) = F q [SL n ] restricts to an epi- 
morphism T q \M n \ » FqlMn] I T>{M n ) = FqlSLn] of Z[q,q~ 1 ~\-bialgebras. 

(b) The epimorphism F q [GL n ] » F q [GL n ] j [D q — l) = F q [SL n ] restricts to an 

epimorphism jF g [GL n ] » T q \GL n \ ^V(GL n ) = jF g [5'L n ] of Hopf Z[q,q~ 1 ~\-algebras. □ 

Theorem 4.6. 

fa,) T q \M n \ zs £/ie unital associative Z[g,g _1 ] -algebra with generators t- ^ , ^ ^ , 
for all i , j , £ G {1, . . . ,n} , i 7^ j , h,k G N , c G Z , anrf relations 

[qDP] relations (1.1) for X G { tjj | z, j G {1, . . . , n}, i^j} 

[qBC] relations (1.2) for 16 { | £ = 1, . . . , n } 

[H-V.1] tij' t<2 = t<« tg' , tg> t«' = f tl'J tg> V i^j<k^i 
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[H-V.2] = t{»>(^^ + *) , (^f)^ = ; , C+ft ) VK, 

[CD.l] (*« 1 C ) t£» = t<*> 1 C ) V i < < < j or i > I > j 

[CD.2] t$t<» = t$t« \/j?i < t?k<j 

[D.l] /or a// i<£,j<k, with \{i,j,£,k}\ = 4:, 

t&> = e *«'>-<**'-> (, - tT w,i ■ *8 tg t«-» 

[D.2] /or a// i < j , wii/i C(/i, fc, r, s,p) := p ((/* + k) - (r + s)) - Q , 
[D.3+] for all i<j<k, with A(h, /, r, s) := ( r +^ + Q - r (/i + / - r) , 



e e (-1)- ( g - ir w 4 ! Q t<»-' t<:» t<f k -' ; f r ) 

= E E (9 _ 1} . w , t?r > t w («« ; t </ r > 

r=0 s=0 \*/ q V 5 / 

[D.3-] /or a// i<j<£, with A(h, /, r, s) := ( r +^ + Q - r (/* + / - r) , 

t<y = e e (-ir ( 9 - D- w,i (1) («" ; *" r ) tg-> t« t&-> 

r=0 s=0 W g \ * / 

= E E (-i)'^w,.., (9 _ 1} . w , M t < r . t w t </-o 

r=0 s=0 W g V 6 / 

[D.4+] /or a// i < I < j or i < j < I 



[DA— ] for all i < h < £ or h <i < £ 



ft / s 



Moreover, jF g [M n ] zs a Z[g, g ^-bialgebra, whose bialgebra structure is given by 

Aff))%|^- 1) ( 9 --TE^)(I) < 



X 

<? 

k—r , , n 



^=0 T. j<i e i =hY. j>i e j = rl=l 

i-1 



X 
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= e e e e (<z-<ry +s (l) n'wx 

r+s<k h=0 E 3<l e 3 =s E.xe^r Wg £=1 

xW^®^')./*"®*"' 6 ^/*-'}. ft (*<:;» «*<:«)) v< 

V ' ' J2 s e s =h k=l r=0s=0 

~/g V S /g k=l \ e i / k=i+l k=l V e j / k=j + l 

'(CT )) = CD ' C ( t S ) ) = ° V *' fceN ' cGZ,€,i,j = l,...,n, i?j 

(notation of $1.3) where terms like (with x G {a,d} , a G Z and t G N + ) read 

x®x;2t\ v-^ _ sr /x;r\ fx;r\ _ >r-^ _ rs „{x;t\ fx;r 

t ) = E « * r ( r J®( . )* r = E « v ( r M . 

x ® x ; 2r+l^ = ^ „-(i-. )r ( X ' T \ a ( X - T+1 ) r ' = ST g-O-Ov ^ ; T+ ^ » f x ; T 



=E«-"-"i ; » k=e 

' r+s=z/ \ / \ / r+s=!^ 

according to whether a is even (=2r) or odd (= 2r + 1), and consequently for j^® 3 ^ j 
in particular, jF 9 [M n ] is a Z[g, g _1 ] -integral form (as a bialgebra) of F q [M n ] . 

(h) ( te,e ; c 



fo,) jF (J [GL n ] z's £/ie unital associative Z[q,q ^-algebra with generators . 

V 

A, -1 , for all i,j,£e{l,...,n}, i^j, h,k EN, ceZ, enjoying the same relations as 
in claim (a) plus the additional relations 

Df 1 (*" fc iC ) = D,~ l , D,- 1 ^' = t<5>D,-' V ,,j,i,h,k,c + 

E <t(1) *2,a(2) •• -tn,a(n) ' D ~ X = 1 = Z^" 1 • ^ (-g/^l, <t(1) *2,a(2) *n,<r(n) 

w/iere any ^ reads Uj := (g - g _1 ) t$ if i ^ j and := 1 + (q-1) °^ z/ i=j . 

Moreover, J r q [GL n ] is a Hopf Z[g, g _1 ] -algebra, with Hopf algebra structure given by the 
formulas in claim (a) for A and e phts t/ie implicit formulas for the antipode 



S 



(for all £, i, j = 1, . . . , n , h,k G N , c G Z , witt i ^ j ), and 

AiD- 1 ) = D-^D- 1 , efAf 1 ) = 1 , = D q . 

In particular, F q [GL n ] is a Z[g, g _1 ] -integral form (as a Hopf algebra) of F q [GL T 
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(c) J r q [SL n ] is generated, as a unital associative Z[g, g _1 ] -algebra, by generators as in 
claim (a). These generators enjoy all relations in claim (a), plus some additional relations 
(springing out of the relation D q = 1 in F q [SL n ] ). 

Moreover, jF (? [S'L n ] is a Hopf Z[g,g _1 ] -algebra, whose Hopf algebra structure is given by 
the formulae in claim (a) for A and e , and by the formulae in (b), but taking into account 
D q = 1 for the antipode. 

In particular, J r q [SL n ] is a Z[g, g _1 ] -integral form (as a Hopf algebra) of F q [SL n ] . 

Proof, (a) By Theorem 4.3, the set of elements considered in the statement generates J- q [M n ] 
(and even more, as for binomial coefficients we can restrict to take only those with r = = s ). 

As for relations, we set an alphanumerical key on their left, which refer to the type of 
relation, reminding what they arise from. 

[qBC] is a reminder for "quantum binomial coefficients"; similarly [qDP] stand for "quan- 
tum divided powers". It is clear by definitions that all these relations do hold in jF g [M n ] . 

[H-V.n] (for n = 1, 2, 3) is a reminder for "horizontal- vertical" : indeed, these are the 
relations induced — inside J- q [M n ] - by the "horizontal" or "vertical" relations holding true 
among matrix entries of the (/-matrix (ti ! j) i n of the generators of F q [M n ] which lie on 
the same row or the same column. Namely, tij t^fc = q Uj (for j < k ) is a "horizontal" 
relation, and th,k = qth,k U,k (for i < h ) is a "vertical" one. It is clear again by construc- 
tion that both kind of relations induce the corresponding relations in T q \Mr\ as in the claim. 

[CD.m] (for m = 1, 2) stands for "counter-diagonal". These are the relations induced 
- inside J- q [M n ] - by the relations in F q [M n ] involving a couple of generators which, as 
entries of the g-matrix of generators, are in "counter-diagonal" mutual position. Namely, we 
mean relations of type tj t k = £j,fc t^i with i < j and k < I , that are plain commutation 
relations. Then both [CV.l] and [CV.2] are trivially true in jF g [M n ] . 

Finally, [D.m (±)] (for m = 1, 4) are labels for "diagonal" relations, i.e. all those 
relations — among the generators in the claim — which are induced by relations in F q [M n ] 
involving a couple of entries in the g-matrix {tij) i . —1 n which stand in mutual diagonal 

position, that is relations of type U^tjj — tjjt^k = (q — ti,i~tj,k with i < j and 
k < I . But now, this single type of relation in F q [M n ] gives rise to several types of relations 
in ^[M n ] . Indeed, once one fixes the ("mutually diagonal") positions, say (i,k) and 
we can single out (within in the g-matrix) the unique rectangle R which has one diagonal 
with (i, k) and (j, I) as vertices. Then different types of relations occur depending on the 
position of the four corners of R w.r.t the main diagonal of the g-matrix. In the sequel, we 
call "diagonal" the corners of R which lie on the top- left to bottom-right diagonal of R , and 
"counter-diagonal" those on the top-right to bottom-left diagonal of R . 

Relations of type [D.l] occur when no corner of R lies on the main diagonal. 

Relations [D.2] show up when both diagonal corners of R are on the main diagonal. 

Relations of type [D.3±] occur when one of the counter-diagonal corners of R lies on the 
main diagonal. If it is the bottom-left one, we have relation [D.3+], with the "+" sign to 
remind us that the rectangle R lies above the main diagonal. If instead it is the top-right 
one, we have relation [D.3— ], where "— " reminds that R lies below the diagonal. 

Similarly, we have relations of type [D.4±] when one of the diagonal corners of R lies 
on the main diagonal. If it is the top-left one, we have relation [D.4+], while if it is the 
bottom-right one, we have relation [D.4— ] instead. 
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In any case, these "diagonal relations" are the only ones which are not immediate from 
definitions. We shall now prove all of them by suitable induction arguments. 

To simplify notations, we set the following terminology for the corners of R : 

b 



a 



a := tij , b := t ijk , c := tgj , d := tg }k , so that R 



(4.1) 



d 



where some of the indices may also coincide: they do iff a or d is on the main diagonal. These 
generators do generate a copy of F q [M2\ inside F q [M n ] , hence the identities we are going to 
prove actually are identities in F q [M2\ ■ 

In terms of (4.1), formula [D.l] reads (for all | £, k}\ = 4 , i < £ , j < k ) 



hAf 



d^a^= E (-l) s qi 3 * 1 )- 8 ( h +f~^ (q - q' 1 ) 8 [s] \ ■ a {h ~ s) 6 (s) c (s) d U ~ s) ; (4.2) 



s=0 



by the identities 

x (m) = x m 

/[m] \ (for all m) this formula is equivalent, inside F q [M n ] , to 



hAf 



d f a h = E (-lYqW-'W-'^q-q- 1 )' 



s=0 



' h 




' f 


s 


Q 


s 



[sU ■ a h ~ s b s c s d f - s (4.3) 



so we shall prove the latter. The proof is inductive: first on h for / = 1 , and later on f < h . 
Then one can use the Q((/)-algebra anti-automorphism of F q [M2] given by a i— > d, b i— > c, 
c i— > b and d i— > a , to handle the opposite case, that is for / > h . 

For h = f = 1 formula (4.3) is true: it is the relation ad — da = (q — q -1 ) be . Then set 



a h 1 b c , by induction on h . Then 



f = 1 , and assume da h = a h d — q 1 {q — q 1 ) 

da h+1 = (da h )a = (a h d - q 1 ^ (q - q' 1 ) ] a^bc^a 
= a h (ad- (q- q~ l ) be) - q 1 ^ 2 (q - q~ l ) 



a n bc 



J i 



= a h+1 d- (q-q-^i^l+q 1 -^ 
thanks to the identity 1 + q 1 -^ 2 



)a h bc = a h+1 d- (q - q' 1 ) q 1 '^ 



h+i 
l 



a h bc 



J q 



h+1 
1 



This ends the proof for / = 1 



Now assuming that (4.3) hold for some / with 1 < / < h , we prove it for / + 1 . Using 
shorthand notation ctj h := ( s ~^ ) — s (h + f — s) , we have 



df +1 a h = d(d f a h ) = di £ (-l)V^ {q-q' 1 ) 3 



s=0 



E(-1) S ^ (q-q- 1 )' 

s=0 





' f 


- q 


s 


' h 




s 


q - 



.! • a h - s b s c s d f - s ) = 



\s]A ■ da h ~ s b s c s d f ~ s 



J q 



f 



= E (-i)V'- fc - 2 *(9-<r 1 ) 

/ 



' h 




7" 


s 




s 




q 





a 



b s c s d f+1 ~ s + 



+ E (-1) S+1 q a 'f* +1 - h+a {q-q' 1 )^ 1 



s=0 



~h~ 




7" 




h — s 




s 


q 


s 


q 


1 


q 



[sU ■ a h - s -H s+1 c s+1 d f - 
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Now, in the last sum change summation index from s to s + 1 . Then our last term reads 



h 


~h~ 




7" 




~h-f~ 




_f_ 


q 


./. 


i 


1 



[/]' • a h -V +1 Hf +1 cf +1 + 



+ E(-i) s (?-0 ; 

s=l 





7" 

s 




7" 

s 






1 





[s-l] a \] ■ a h ~ s b s c s d f+1 ~ s = 



x 



h 




f 




s-1 




s-1 






Q 




Q - 



J q 

h-s+l 
1 



/+1 

E (-i)V^ («-<ry 

s=0 



V 




7+i" 


s 


q 


s 



[s] ' • a^^c 5 ^ 1 )- 



thus ending the proof of [D.l], thanks to the following identities: 

<*°f,h = «/+!,/, , = (^-s^ + Z + l-^ + Z+l-s 

«/ >h -2a = + / + , a$ +1>h = - s (h + f + 1 - s) 

Q- S ([f-s + l] q +q f+1 [s] q ) = [f+l] q 

As to [D.2] , in terms of (4.1) it reads, with b := b / [q — q -1 ) and c := c / [q — q~ x ) , 



k—p 
r , p 



.(p) 



a formula which is proved in [GR], §3.4. 

For [D.3+], set notation as in (4.1), now with £ = j . Then (4.2) holds and, setting 
x := x j ' (q — for all x G {a, 6, c, d} , it yields 



hAf 



d (/) a (fc) = E (-iJ-gCt 1 )-^/-) ( ? - 9 - 1 ) s [ S ] ' • a< h -> b<'> c« d<'-> 



s=0 



Now, for all m G N, the following formal identity hold (cf. [GR], Lemma 6.1): 



x 



E <z (a) 



few m 



k=0 



k 



{Q-i) K (k) q \ k 



x ; 



Using this identity to expand c( s ) = [q — q x ) s [s] ■ c s , our last formula turns into 

hAf 



d (/) a (a) = £ '(_i) 8 ? (1 1 )-»(''+H a (MbWcWd (/ - 8) = 

s=0 
/lA/ s 



E E(-l) S ^ + ^- s(/l+/ - s) (0 ( ? -l) fc (feV.a( fc -)bW( c i )df-) = 
— o fc=o v J q v y 

= E E(-l) S ^ 1)+(2) - s(7l+/ - s) (^ (g-l)*(fc)J-a(M b Wd^)( c 'H 

s =o fc=o v ' q v ' 



where in the last step we used [H-V.2]. This proves [D.3+], and [D.3— ] is entirely similar. 
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Finally we prove [D.4±], starting with [D.4+]. We use notation of (4.1), but with i = j 
and then using index j instead of k ; more in general, we set a := , := , c( r ) := 
t^j , := t^j (for r G N). Then formula [D.4+] reads (with index u instead of c) 

d (/) ( a ^) = f f (-l) s q^) ~ s (/+fc - u) [s] q \{q -q- 1 ) 8 - { ° '^~* S } b<«> c« 
which is equivalent to the commutation relation in F g [M 2 ] 

df fa- u\ = f f { _ irq (r)-s { f +k - u) r/1 . (^ "-^U^d/- (4 .4) 
V ^ / s=0 L S -U ^ ' S J 

So we must prove this last identity: we do that by induction on k and / . 

1 / = \ 1 ) ^ ~ + -*■) ^ C ' this is equi- 

valent to the identity d [aq u — l) = (aq u — l) <i — ((/ 2 — l) 6 c , which is easy to prove. 
For k > 1 = / , formula (4.4) reads 

-( , r)-( , i")--^(("i-" 1 a ) + .( , ;ri 1 ))» e (46) 

which, using compact notation (a; fc, w) ? := (q — l) k (k) q \ ^ ^_ ^ , is equivalent to 

^u—k Ik i \ / . t o „. o"! i „u — k i\ i „ /„ „u— 1 



d (a;k, u) q = (a;k, u) q d - q u ~ k (q k - l) (a ; fc-2, u-2) q [{a q u ~ k -l) + q(a q u ~ x -l)) be 

Making induction, the basis is proved above for k = l ; the inductive step from k to k+1 is 

d(a;fc+l,u)g = d (aq u ~ k -l) (a;k,u) q = 

= {aq u - k -l)d(a;k,u) q - q u ~^ {q 2 -l) be (a; k,u) q = (a^" fc -l) (a ; k, u) q d - 

(a^" fc -l) (a;fc-2,u-2) g ((a^" fc -l) + q (aq^-l)^ 6c - 

_ 9 «-(fc+i) ^2_ x) (a;M _ 2 ) g6c = 

= (a ; fc+1, u) g d - ^"( fc+1 ) ( a ; fc-1, u-2) q x 

x ((a^- fc -l) +q (aq^-lfj + (q 2 -l) (a q^' 1 b c = 

= {a;k+l,u) q d - ^"( fc+1 ) (q k+1 -l) {a;k-l,u-2) q ((a ^"( fc+1 ) -l) + g (a^" 1 -!)) 6c 

where the very last step follows from the (straightforward) identity 

q (q k -l) ((aq u - k -l) + q (aq^-l)) + (q 2 -l) (a^-^-l)) = 

= (q k+1 -l) ((a^"( fc+1 )-l) + q (aq^-lf) 



F q [M n ] , F q [GL n ] AND F q [SL n ] AS QUANTIZED HYPERALGEBRAS 
To move next step, we need a more general formula than (4.5), namely 

^u-k+h J a ',u — 2 



29 



d 



a ; u 
k , h 



a ; u 
k , h 



d - q l 



be 



(4.6) 



k,h+l 

We prove it by induction on h . The basis holds by (4.5), which also gives the inductive step: 

h ,„xn //^ 



d 



a ; u 
k , h 

= E 9 «" 

s=0 



a ; w+s 



e 



s=0 



d 



a ; u+s 
k-h 



a ; u 
k , /i 



k+h ( fa;u-2 
k-h-1 



+ 



E ,(» + ' 



s=l 



X 



+ 



+ 9 
ft 

s-1 



a ; -u + s — 1 

x 



be) = 



a ; u + s -2^ + (>»+i) +/l+1 f a ; u + 



k-h-1 



:::}-^i:^cr)C;:rT>-{;;:} 



fc-/i-± 

d-q u ~ k+h 



be 



(a ; -U — 2 



6c 



Finally, we assume (4.4) holds for /c and / , and we prove it for /+1 too. By (4.6) we have 



df +l 



a ; u 
k 

fAk 

= E 

s=0 



ddf( a ] u ) = f f(-iy q m-s(f +k -u) 

f J2 " 3 {f+k ~ u) - u - s ~ k 

s=0 



/ 



a ; u— 2 s 



6 s c s d f ~ s 



b s c s d f+1 ~ s - 



a; u-2(s + l) j &s+1 cS+1 rf/ _ s = 



(/+l)Afc 

= E (-i) s ? (^ )" s(/+1+fc - u) 

s=0 





7" 







+ q 



f+l-s 



f 

S-l 



(/+l)Afe 

E (-i) s ? (^ )" s(/+1+fc - u) 

s=0 



/+1 

S 



a; u — 2s 

k , s 



a ; it — 2s 



b s c s d f+1 ~ s 



which eventually proves (4.4) for / + 1 as well. 

The analysis above proves the identity (4.4), which is equivalent to relation [D.4+]. The 
proof of relation [D.4— ] is entirely similar, just along the same pattern. 

So far we have proved that the given relations do hold in jF (? [M n ] ; to prove the first part of 
the claim, we must show that these generate the ideal of all relations among generators. This 
amounts to show that the algebra enjoying only the given relations is isomorphic to J r q [M n ] . 
In turn, this is equivalent to the following: if B' is any of the PBW-like bases of Theorem 4.3, 
then the given relations are enough to expand any product of generators as a Z [q, g -1 ] -linear 
combination of the monomials in B' . But this is clear for the very relations themselves. 

As to the bialgebra structure, everything is just a matter of computations, via a cute use 
of Lemma 1.5, and partially basing upon the case n = 2 . We point out the main steps. 
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Assume i < j . By definitions we have 

A(t#) = A^-,- 1 )- 1 ^)^ = (q - q~ l ) ~ H (ELi U,k ® * fclJ -) • (4.7) 

But k < k' implies (t ijJfc <8> *fc,j) • (^,fc' ® tfc'j) = <? 2 (U, k > ® t k >,j) • (U, k <S> t k ,j) , thus Lemma 
1.5(b) and (4.7) yield 

A (t<»>) = ( q - q -T H E t (V')+-+<-. M )-m,(«.)^)...^.) (4.8) 

eiH \-e n =h 

for y fc := <g> t k j (k = 1, . . . ,n). But now 

yt } = (ta®^) (efc) = W-t&W^ = (?-^ 1 ) 2efc N q !-t£ ) ®t^, v^M 

Using these facts and the commutation relations between generators, (4.8) turns into the 
formula for A (i^j^j given in the claim. The case i > j is entirely similar. 

As to A(^ ;c ), by definition of A we have A(^^ ;c J) = ( • c j . To 

expand the latter term, we use twice Lemma 1.6 and once Lemma 1.5. First apply Lemma 

i n 

1.6(a-2) to x := Yl U,h ® th,i , w := t ijt <g> t tji , t = c, m = k; this gives an 

h,=l i=i+l 

expansion formula in which some (/-divided powers = (XULi+i^i,* ®fy 5 j)^ and some 
terms j^' ^| occur. Expand the latter ones as a linear combination of some ^^ a j's, and 

i-l 

then apply Lemma 1.6(c-2) to them with <g> in the role of a; and ^t^/, ® t^ ;i 

/i=i 

acting as w . This eventually gives an expansion formula which is a linear combination 
of products of (/-divided powers {Y^h=i^i,h ®^h,i)^ ^ , (/-binomial coefficients (^• i ® i £' i ; a j 

and (/-divided powers (Yl?=i+i^i,i ®t/ 5 j)^, in this order. Now, the (^ i < i ® t ^ i ,a j's can be 

patched together into some j**'*®^ ;a |'s, and the (/-divided powers {Ylh^i^h ®>^h,i)^ 

and (XULi+i^i,* ®t; j) ( ' r ' ) can be expanded using Lemma 1.5(b), and then also the obvious 

identities (t i)S <g> t si ) ^ = [e] ! • ® t s ^ . Using the commutation relations between 
generators, the final outcome can be written as claimed. 

Eventually, e ((* £ 'fc' °)) = (it) anc ^ e (*i^) = follow from the very definitions. 

(b) The fact that jF g [GL n ] admits the presentation above is a direct consequence of Theo- 
rem 4.3(b) and of the presentation of jF g [M n ] given in claim (a); in particular, the additional 
relations in first line simply mean that D q ~ x is central - - because D q itself is central - 
while the second line relation is a reformulation of the relation D q D~ l = 1 . The statement 
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about the Hopf structure also follows from claim (a) and Theorem A.Z(b) and from the for- 
mulae for the antipode in F q [GL n ] (cf. §2.4), but for the formulae for D~ l which follow from 
A(D q ) = D q ®D q , e{D q ) = 1, S[D q ) = D' 1 . Clearly, the formulae for the antipode 

of generators c j and are implicit, in that one should still expand the right-hand 

sides of them in terms of the generators themselves. 

Now, the formulae for A and e do show that ^[GLA is indeed a Z[q, q ,_1 ]-subbialgebra of 

F q [GL n ] . For the antipode, (s(F q [GL n ]) , U q ( Q l n )) = ^ q [GL n ] , S(U q ( Q l n ))) C Z[q, q- 1 } , 
which gives S(^F q [GL n ]^ C jF 9 [GL n ] . The claim follows. 

(c) This follows at once from claims (a) and (b), along with Corollary 4.5. □ 



4.7 Remarks: 

(a) The commutation relations in Theorem 4.6 are not the only possible ones, but several 
(equivalent) ones exist. The given ones are best suited to expand any product of the generators 
as a Z[q, q i_1 ]-linear combination of the elements of a PBW basis as in Theorem 4.3. 

(b) As they belong to jF g [GL n ] , one could try to compute an explicit expression for the 
elements s(^ e ' e k ' , as well as for S(t^} , in terms of the generators given in Theorem 

4.6(b)! However, such a formula might be very complicated. 

(c) In [GR], §5.6, some of the "additional relations" mentioned in Theorem 4.6(c) are 
found explicitly in case n = 2 . 

(d) Theorem 4.6 also yields presentations at q = 1 , which implies the important corollary 
here below. As a consequence, since objects like E/z(fl[ n *) are usually called "hyperalgebras" , 
the previous result allows us to call jF g [M n ] , T q \GL^\ and ^ r 9 [5L n ] "quantum hyperalgebras". 

Theorem 4.8. 

(a) There exists a Z-bialgebra isomorphism ^i[M n ] = £/z(fll n *) given by 



Ah) 



q = l 



Ah) 

k J ' ^ 



q=l 



(_-\\Hj-i-l) Ah) 



q=l 

for all h, s and % < j . In particular .Fi[M n ] is a Hopf Z-algebra, isomorphic to Uz^qI^) ■ 

(b) There exists a Hopf Z-algebra isomorphism J r i[GL n ] = Uz^qI^) , which is uniquely 
determined by the formulce in claim (a). 

(c) There exists a Hopf Z-algebra isomorphism ^[SLA = Uz(sln) given by the same 
formulce as in claim (a). 

Proof. The presentation of T q \MA given in Theorem 4.5 provides a similar presentation for 
T\ [M n ] ; a straightforward comparison then shows that the latter is the standard presentation 
of Uz^qI^) , following the correspondence given in the claim. To be precise in the first 

presentation one also has the specialization at q = 1 of the ^'^.'^'s, but these are generated 

by the specializations of the ^'^'°j's. This yields a Z-algebra isomorphism: a moment's 
check shows that it is one of Z-bialgebras too. 

Up to minimal changes, the proof goes the same for claims (b) and (c) as well. □ 
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The previous result regards specialization at q = 1 . As to specializations at roots of 1, 
Theorem 3.7 yields the following important consequence: 

Proposition 4.9. Let e be a root of unity, of odd order, and apply notation of §1-4- 

(a) The specialization F s [M n ] is a Z s -bialgebra, isomorphic to S) 9 e via the specialization 
of the embedding F q [M n ] c — > ft 9 . 

(b) The embedding F s [M n ] c — > F s [GL n ] of Z e -bialgebras is an isomorphism. In partic- 
ular, F £ [M n ] and $) 9 e both are Hopf Z e -algebras isomorphic to F £ [GL n ] . 

(c) The specialization F £ [SL n ] is a Hopf Z e -algebra, isomorphic to 5}* via the specializa- 
tion of the embedding F q [SL n ] S) q . 

Proof. From Theorem 3.7(a) one argues F e [M n ] [</> _1 ] = S) 9 , which is an identity induced 

by the embedding £ : F e [M n ] c — > Sj 9 ; note that we can see that the latter map is injective 
by looking at how the PBW basis of F q [M n ] given in Theorem 4.3(a) expands w.r.t. to a 
suitable PBW basis of S) 9 q , as we did exactly in the very proof of Theorem 4.3(a). Now, for 

<p := AiA^---A™ one has G fy 9 for all k G N, c G Z. This is easily proved using 

Theorem 3.1 in [DL]; otherwise, it can also be proved by a brute force computation. Then 



k 



G MC)F q [M n ] = F q [M n 



( V /c G N , c G Z) 



Now we apply Lemma 1.8 to x = 0, which gives 4> £ = 1 mod (q — e) F q [M n ] . Thus 
<f) e = le F £ [M n ] , so (j)- 1 = (j)*- 1 G F £ [M n ] and so F e [M n ] = F s [M n ] [(f)- 1 } = . 

The above proves claim (a). Now, one can prove the identity F £ [GL n ] = S) 9 just like for 
claim (a), or one can use the relations F e [M n ] C F £ [GL n ] C and S) 9 = F e [M n ] . As 
F £ [GL n ] is clearly a Hopf Z e -algebra, claim (b) is then proved. Similarly, (c) can be proved 
like (a), or deduced as a corollary of (a) itself, of Corollary 4.5 and of Corollary 3.8. □ 

Theorem 4.6 and Proposition 3.3 also yield a description of quantum Frobenius morphisms: 



Theorem 4.10. Let e be a root of unity, of odd order I . 

(a) The quantum Frobenius morphism (2.1) for F q [M n ] is defined overZ e , i.e. it restricts 
to an epimorphism of Z e -bialgebras 



Fr 



F £ [M n 



■» Z e ® z F\ [M n ] Z e ®z u z (ain) 



coinciding, via Theorem 4-8 and Proposition 4-9, with (2.5), and given on generators by 



\i<3) t<*> 



q=S 



Fr e ■ t 



(i>3) t% 



q=e 
(fe) 



q=e 



Ak/i) 






9=1 


U,i; ON 




k/i j 


= 

q=l 


Ak/i) 






q=\ 



^ti-^k/l e (k/£) y f 



k 



k/e 



if t 



ti,i j 

n 



q=e 



if i, 



k 



k 



L(fc) 



q=e 



q=e 



o if e/k 

■ if i\k 



(b) The quantum Frobenius morphism (2.2) for F q [GL n ] is defined overZ e , i.e. it restricts 
to a Hopf Z g -algebra epimorphism 



Frlv : F £ [GL r 



-» Z e ® z fi[GL„] Z e 



"J 



coinciding, via Theorem 4-8 and Proposition 4-9, with (2.5) and with Frff of claim (a), and 
described by the same formulas. 
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(c) The quantum Frobenius morphism (2.3) for F q [SL n ] is defined overZ £ , i.e. it restricts 
to a Hopf Z e -algebra epimorphism 



T\ [SL r 



Z 



e <Z>Z 



coinciding with (2.4) via Theorem 4-8 and Proposition 4-9, described by the formulas in (a). 

Proof. By definition .Frjg? : Q e ®z e F £ [M n ) » Q e ® z £/z(flI„*) = Qe ®Q ^(fC) is 

the restriction (via £ : jF g [M n ] 1 — >■ #3 at q = e and q = 1 ) of the similar epimorphism 

#t$j : Qe ®z E #| » Q e ®z fit = Qe ®z U z (gl n *) obtained by scalar extension from 

(2.5), see [Gal]. Note also that all the generators ( c ) 's (for all i, c and k ) are contained 



in the subalgebra generated by the (^ tj ' j h '°^s alone (for all j and k ), thanks to relations (1.2). 

Therefore, the formulae in the claim uniquely determine Tr^ . 

Now, the formulas in Lemma 4.2 give, for i < j (noting that [£] = ), 



£ £ eo+Er=/( e 2 s )+ fc (j-*-2)-(^) (.^fccj-o ( £ -i_ £ ) fc - e ° x 

n-j „ „ n— j 



, (e r ) 
->",.? 



*&(?L(*«IJ) 

s=l r=0 x q—£' r=0 r=l x 

= e*(i-i-D-(5) (-1)*^-'). StJ.fkf 
The very last term is equal to (— l)^- 7 ' - ^ E^ k -'^ 



(k) 
j 



= (-1) 



U-i)k/e(k/e) _ ,(k/t) 



if 



5=1 



n , while it is zero if £ /n (note that in the present case k and k/i have the same parity), 

via Theorem 4.8(a). This proves the first formula in the claim. 

Similarly, one proves the third formula. As for the second formula, we have 



q=e 



k 



q=e. 



= E e-^H>) ( e - E IT^t 

r=0 



En-i 
s=l 



S = l 



e s j £ ! x 



r=l 



9=e 



3* 



oi;. 



Ai--r 
k , r 



r=l 



r=l 



9=e 



A,; 
fc,0 



<J=£, 



(%C = (*/<) 

if ^Jfe 

by the very definition of 5t^ ( e * again. On the other hand, if i\ k then £ ) = 

(^/V ) = ( fc %) tnan ks to Theorem 4.8 once more, whence our formula follows. 

All this accounts for claim (a). Claims (b) and (c) can be proved with the same arguments, 
or deduced from (a) in force of Proposition 4.9 and of Corollary 4.5. □ 
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List of Symbols 



fei, 



[n} q etc., 



X ■ c 

n 



X-c 

n 



X ; c 
n , r 



see 51.3 



' H - ' H 

U q (gl n ) , U q (sl n ) : see §2.1 it,(g) , U q ( B ) , , Tr^ (for g G {gl n ,sl n } ): see §2.3 

F q [G] , $ q [G] , T q [G] , , Tr^ (for G G {M n , GL n , SL n }): see §2.4 
W), a,({j*),Wg(0*),H*, Sj x q ,H x q , fftjf, ^ (for xe{g,s}, g G { t n , sl n } ): see §2.5 
£ , £ , £ (embeddings of quantum function algebras into dual quantum groups): see §3.2 
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